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. Abstract. We prove that any C^'^" transformation, possibly with a (non-flat) critical 

^ ' or singular region, admits an invariant probability measure absolutely continuous with 

O ■ respect to any expanding measure whose Jacobian satisfies a mild distortion condition. 

' This is an extension to arbitrary dimension of a famous theorem of Keller [37] for maps 

. of the interval with negative Schwarzian derivative. 

We also show how to construct an induced Markov map F such that every expanding 
probability of the initial transformation lifts to an invariant probability of F. The induced 
time is bounded at each point by the corresponding first hyperbolic time (the first time the 
i[r i dynamics exhibits hyperbolic behavior). In particular, F may be used to study decay of 

(-H ' correlations and others statistical properties of the initial map, relative to any expanding 

. probability. 
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1. Introduction 

In this work we propose a general construction of Markov structures for non-uniformly 
expanding transformations. A distinctive feature is that these Markov structures capture 
all trajectories with expanding behavior. 
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In particular, we are able to use them to prove existence of ergodic invariant measures 
absolutely continuous with respect to any expanding reference measure with Holder con- 
tinuous Jacobian. In the special case when Lebesgue measure is the reference, this yields 
the physical measures of the transformation. Our Markov structures open the way for 
further development of the ergodic theory of this class of systems. In this direction, we 
construct Markov transformations induced from the original one, and we prove that any 
expanding invariant measure of the initial map lifts to invariant measure of these Markov 
transformations. 

Markov partitions were the principal tool for analyzing the qualitative behavior of uni- 
formly hyperbolic (Axiom A) or even uniformly expanding systems (see [HB]). For uni- 
formly hyperbolic dynamics, the systematic introduction of these partitions was due to 
Sinai [SZl ESI EH] and Bowen [121 [13] and became a key technical tool in the ergodic theory 
of uniformly hyperbolic/expanding systems (see [E]). Sinai, Ruelle, Bowen used Markov 
partitions to associate these dynamical systems with symbolic ones, prove existence and 
uniqueness of equilibrium states, and several other properties, in a neighborhood of every 
transitive hyperbolic set. Recall that a Markov partition for a map / : A — > A is a cover 
V = {Pi, ■ ■ ■ , P,} of A satisfying 

(a) intPj n intP,- = if i ^ j; 

(b) if /(P,) n intP, ^ then /(P,) D P,. 

Our setting is much more general than the classical family of uniformly expanding maps. 
Indeed we assume our systems to be non-uniformly expanding. In this setting one can 
not expect, in general, the existence of a classical finite Markov partition as there exist 
parts of the system that spend arbitrarily large time to present some expanding behavior. 
Nevertheless, we shall prove the existence of a quite similar partition that will be called 
an induced Markov partition. An induced Markov partition is an at most countable cover 
P = {Pi,P2,P3,---} of A satisfying 

(a) intPj n intP,- = if i ^ j; 

(b) for each Pj there is a P^ > 1 such that 

(b.l) if £ < Rj and f\Pj) n intP^ ^ then f\Pj) C P,; 
(b.2) if f^^{Pj) n intPi ^ then /^^ (P,) D Pi. 

Let us be more precise about the kind of systems we will deal with in this paper. Formal 
statements will appear later. Let / : M — > M be a C^"*"" transformation outside some 
critical/singular set C C M (the case C = is a possibility). A positively invariant set 
7i C M is called expanding if every point x ETi satisfies 

^ n— 1 

limsup-^log||(D/(f(a;)))-i|r^>0 (1) 

n^oo ri . 

1=0 

and if Ti satisfies the condition of slow approximation to the critical set, i.e., for each e > 
there is a 5 > such that 

^ n— 1 

limsup-^-logdist5(/-'(x),C) <e (2) 

n-^+oo n 

for every x G 7^, where dist5(x, C) denote the 6-truncated distance from x to C defined as 
dists{x,C) = dist(x, C) if dist(x, C) < 6 and dists{x,C) = 1 otherwise. 

A probability measure is called expanding if there is an expanding set Ti. such that 
fi{Ti.) = 1. If / is a C^"*"" endomorphism then any invariant measure satisfying ([T]) almost 
everywhere is automatically an expanding measure (Corollary 110.31) . 
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Given any expanding set 7i, we construct an induced Markov partition V oi Ti with 
respect to / (or an iterate of it). Associated to this partition there is an induced map 

which is Markov, with an appropriate upper bound on the inducing time. 

Given any reference measure v which gives positive weight to 7^, we can use the induced 
Markov map to construct /-invariant probabihties absolutely continuous with respect to 
z^, and study decay of correlations and others statistical properties. 

A crucial point to be noted is that every /-invariant measure /x that gives positive weight 
to Ti can be lifted to the level of the induced map (the induced map does not depend on 
the measure /x). 

We also give several examples of expanding measures and applications of these results. 

1.1. Statement of main results. Let M be a compact Riemannian manifold of dimen- 
sion d>l and / : M — > M a map defined on M. 

The map / is called non-flat if it is a local C^^ ( i.e., C^+" with a > ) diffeomorphism 
in the whole manifold except in a non- degenerate critical/ singular set C C M. We say that 
C C M is a non- degenerate critical/singular set if 3j3, B > such that the following two 
conditions hold. 

(C.l) ^dist{x,Cf < ^^^^^'H^^** < Bdist{x,C)-^ for all v e T^M. 
For every x,y & M \ C with dist{x, y) < dist{x, C)/2 we have 
(C.2) \\og\\Df{x)-'\\-\og\\Df{y)-'\\ \ < ^—^^dzst{x,y). 

If dim{M) = 1 and / satisfies the usual one dimensional definition of non-flatness (see 
[H]), then it also satisfies the definition given above. 

In the whole paper, a measure will be a countable additive measure defined on the Borel 
sets. A measure /i is called f -non-singular if /=K/i <^ /i, where /*/i {= fi o f~^) is the 
push- forward of /i by /. 

Let / be a non-fiat map with critical/singular set C C M. A finite measure /i is called 
f -non-flat if it is /-non-singular, /i(C) = 0, Jfif{x) is well defined and positive for /i-almost 
every x G M, and for yU-almost every x,y ^ M \ C with dist{x, y) < dist{x, C)/2 we have 



1 Jf.f{x) 
log - 



1.1.1. Expanding sets and measures. 

Definition 1.1. A positively invariant setTi C M (i.e., fi'H) C T-i) is called A-expanding, 
A > 0, z/ 

^ n—l 

limsup-^log||(D/(r(x)))-i||-i > A, (3) 

n^oo ri . 

1=0 

for every x & Ti, and Ti satisfies the slow approximation condition, i.e., for each e > 
there is a 6 > such that ^ holds for every x G 7^. 

An expanding set is a positively invariant set but, in general, it is not a compact one. 
In the one-dimensional case ([3]) reduces to the Lyapunov exponent of / on a; to be bigger 
than A, i.e., 

^ n— 1 

hmsup - J2 log l/'(rW)l = limsup |(/")'(x)| > A. 

?i— >oo ri . „ n— >oo 
1=0 
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Definition 1.2 (Expanding measures). We call a measure /i (non necessarily invariant) 
a A-expanding measure (with respect to f) if /i is f -non-singular and there exists a X- 
expanding set Ti such that ii{M \ 7i) — 0. 

Theorem A (Existence of absolutely continuous invariant measures). Let f : M ^ M be 
a non-flat map. If fi is a f -non-flat X-expanding measure, A > 0, then there exists a finite 
collection of ii absolutely continuous ergodic f -invariant probabilities such that ii-almost 
every point in M belongs to the basin of one of these probabilities. 

Recall that the basin of measure rj is the set B{ri) of the points x E M such that 

^ n-l » 
Um -y^^fo f^{x) = / (fidr), 

n-»+oo n ^ — ' / 
j=0 

for every continuous function (/? : M — > R. 

1.1.2. Markov partitions. Let f : U ^ U a. measurable map defined on a Borel set U of 
a compact, separable metric space X. A countable collection V — {Pi, P2, P3...} of Borel 

subsets of U is called a Markov partition if 

(1) int(P,)nint(P,) =0if2^j; 

(2) if /(P,) n int(P,) ^ then /(P,) D int(P,); 

(3) #{/(P,) ; 2 e N} < 00; _ 

(4) /I p. is a homeomorphism and it can be extended to a homeomorphism sending Pj 

onto 7M; 

(5) lim„diamctcr(P„(x)) = G nn>o /""( U ^0' 

where P„(x) = {y ; V^f^iy)) — V{f^{x)) VO < j < n} and V{x) denotes the element oiV 
that contains x. 

Definition 1.3 (Induced Markov partition). A countable collection V = {Pi, P2, P3...} of 
Borel subsets of U is called a induced Markov partition if it satisfies all conditions of a 
Markov partition except the second one which has to be substituted by the following 

(2) for each Pi eV there is a Ri > 1 such that 

(2.1) if I < Ri and int{f''{Pi))nint{Pj) ^ then int^f^iPi)) C int{Pf) or int^f^iPi)) 

D mt{Pj); 

(2.2) %f f^\pi) n int{Pj) ^ then f^^{Pi) D mt{Pj). 

Definition 1.4 (Markov map). The pair {F,V), where V is a Markov partition of F : 
U ^ U , is called a Markov map defined on U. If F{P) = U W P E V, {F,V) is called a 
full Markov map. 

Note that if {F, V) is a full Markov map defined on an open set U then the elements of 
V are open sets (because F{P) — U and F\p is a homeomorphism VP e V). 

Consider a measurable map f : M ^ M from M to M (or, more in general, from the 
metric space A to A) . 

Definition 1.5 (Induced Markov map). A Markov map {F,V) defined on U is called a 
induced Markov map for f on U if is there is a function R : U ^ N = {0, 1, 2,3,...} ( called 
inducing time) such that {R > 1} = UpeP -^1^ constant \/ P e V and F{x) = f^^^\x) 

Vx e U. 

If an induced Markov map (P, V) is a full Markov map, we call (P, V) an induced full 
Markov map. 
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Given an induced Markov map {F, V), an ergodic /-invariant probability /i is said liftable 
to F if there exists F-invariant finite measure ^ yU such that 

BiP)-l 

PeP i=o 

where R is the inducing time of F, v\p denotes the measure given by v\p{A) = v{A fl P) 
and fi is the push- forward by /■ 



'J 



Definition 1.6 (Markov structure). A Markov structure for a set U G M (or X) is an 

at most countable collection ^ = {{Fi,Vi)}i of induced Markov maps such that if fi is an 
ergodic f -invariant probability with fiiU) = 1 then 3{Fi,Vi) G ^ such that fi is liftable to 
F.. 

Theorem B (Markov structure for an expanding set). Every X-expanding set with A > 
admits a finite Markov structure = {{Fi,Vi), {Fs,Vs)}- Furthermore, each {Fi,Vi) G 
^ is a full Markov map defined on some topological open ball Ui (also the elements of Vi 
are topological open balls). 

See Theorem [5] for a more complete version of this Theorem [Bl 

As an expanding set 7i is positively invariant, it follows from Theorem [B] that every 
ergodic /-invariant probability having fi{Ti.) > is liftable to one of the full induced 
Markov map Fi, ...,Fs given by the Theorem [Bl 

We say that a Borel set A is an essentially open set if interior(y4) D A, that is, the 
closure of the interior of A contains A. The theorem below shows that any expanding set 
7i admits a Markov structure composed by a single induced Markov map [F, V) with V 
being a collection of essentially open sets. 

Theorem C (Global expanding induced Markov map). If H is a X-expanding set with 
A > then there exist i > I and > such that for every < e < Eq there are an induced 
Markov map {F,V), with inducing time R, and a finite partition Vq of M by essentially 
open sets satisfying the following conditions, 
(i) sup{diameter(P) ; P G V} < max{diameter(P) ; P G Vq] < e. 

(a) For each Q eV there exists P eVq such that int{Q) C P. 

(Hi) F{P) G Vq VP G V(in particular, the elements of P are essentially open sets). 

(iv) dist(P(x),P(?/)) > 8dist(x,?/) W x,y e P andW P e V ; 

(v) For all x,y e P , P e V and < n < R{P), 

dist(/"(x),/"(y)) < (e-^/«)^''^''^-"^dist(P(x),P(y)). 

(vi) If fl is f -non-flat measure (not necessarily invariant) with fi{M\T-C) = then 3 p > 
such that 

log^^4rY <pdist(P(x),P(y)), 

for fi almost every x,y E P and VP G P. 

(vii) If fi is an ergodic f -invariant measure with fi{H) > then fi\^ is an 

invariant measure with respect to f^. 
(via) There is a good relation between the tail of the partition and the tail of the hyperbolic 
times (see Section\Efor the definition), i.e.. 



{R> n}nn cn\[jEi 
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where Hj denotes the set of points having i as a {e'^''^ ^e) -hyperbolic time. 

(ix) Every ergodic f -invariant probability jj, with fiiH) > is liftable to F. 

(x) IfH is an uniformly expanding set (i.e., H = H, 7i fl C = and 3n > 1 such that 

II > 1 Va; G Tiy) then the partition V is finite. 

We want to observe that in Section [5] we introduce the zooming sets (that generahzes 
the expanding sets) and the theorems above are corollaries of Theorems |Dl [E] and [F] for 
zooming sets. 

A second note is that, if / is a C^^ endomorphism, V is an induced Markov partition of 
7i, with respect to and the estimate of the item fiviiip of Theorem [C] can be rewritten in 
a more direct dependence on the expansion ([3]) and on the recurrence to the critical region 
([2]) (see Theorem [9]). 

1.2. Overview of the paper. In Section[2]we introduced the notion of nested sets adapted 
to the kind of pre-images we want to deal with (for example, pre-images with some con- 
traction). 

In Section [3] we study the ergodic components for non (necessarily) invariant measures 
for maps on metric spaces. 

In Section H] we obtain a statistical characterization of the liftable measures for a given 
induced map. 

Although we are basically interested in expanding measures (Section II. ip . we weakened 
the expansion condition to permit more flexibility in the applications. For this we introduce 
the zooming measures in Section [51 

In Section [6] and [7] we show most of the results for zooming sets and measures. In 
particular the existence of induced Markovian maps for zooming sets (Theorem [E] and [F]) 
and the existence of an invariant measure i^-C/x that is absolutely continuous with respect 
to a given zooming measure with some distortion control (Theorem [Dl). 

Section [S] is dedicated to the definition and properties of expanding measures, as well as 
to establish the connection between these measures with the zooming ones. The existence 
of an absolutely continuous invariant measure for a given expanding measure, the induced 
Markovian maps for expanding sets and so on are consequences of the analogous result 
for zooming measures and in this section we use the zooming results to get the expanding 
ones. 

In Section [9] we give many examples of expanding and zooming sets and measures. We 
give also some applications of the results of the previous sections. In particular, we study 
the decay of correlations for general expanding measures. 

Acknowledgments. We thank V. Araiijo, P. Brandao A. Castro and K. Oliveira for 
comments and for useful conversations. We thanks also IMPA, Brazil, and Universidade 
do Porto, Portugal, for the hospitality (specially J. Alves, M. F. Carvalho and J. Rocha) 
and the opportunity to present and discuss this work. We are specially grateful to P. 
Varandas, M. Todd, M. Viana and J. Palis not only for useful conversations but also for 
the incentive. 

2. Nested sets 

The notion of nice interval, introduced by Martens in [IQ], is a useful tool in the theory 
of real and complex one-dimensional dynamical systems (see, for instance, [ITllST] ). A nice 
interval is an open interval / such that the forward orbit 0^{dl) of the boundary of / 
does not return to I, i.e., 0^{dl) fl / = 0. Note that nice intervals are natural and easy to 
construct for interval maps. For instance, two consecutive points of a periodic orbit define 
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a nice interval. Its main property is that there are no hnked pre-images of a nice interval, 
that is, if Ji and I2 are sent homeomorphically onto an open nice interval / by /"^ and /"^^ 
respectively then either /i fl /2 = 0, h C I2 or I2 C h. 

In the multidimensional case, the boundary of topological open balls are connect topo- 
logical manifolds and if a chaotic transitive dynamic is not much symmetric, it is natural 
to expect that this dynamic will spread these boundaries to the whole manifold, forbidding 
any "nice ball". In general, the same seems true for any set whose the boundary is not 
totally disconnected. 

In this section we present the abstract construction of nested sets. This reformulates 
and generalizes the concept of nice interval. In Section O we show their abundance in the 
presence of some expansion (see Lemma [5.12p . 

Let / : X — i> X be a map defined on a complete, separable metric space X. Fixed some 
C X, a set P C X is called a regular pre-image of order n G N of if /" sends P 
homeomorphically onto K. Denote the order of P (with respect to K) by ord(P). 

Let us fix in all Section [2] a collection Sq of connected open subsets of X (for instance, 
£q can be the collection {f^iVn{x)) ; x G H„ and n G N} of all hyperbohc balls of X, see 
Proposition 18. 2p . For each n G N and V G £q consider some collection SniV) of regular 
pre-images of order n of K. Set Sn = (£^n(^))ye£o- ^^^^ sequence S = {Sn)n a 
dynamically closed family of (regular) pre-images if f^{E) G 'i E E £n and VO < i < n. 
Given Q E En^Q denote /"|q by and we denote the £^-inverse branch of associated to 

Q, (r by /-«. 

Let £ = {Sn)n be a dynamically closed family of pre-images. A set P is called an S- 
pre-image of a set C X if there is n G N and Q & Sn such that W C f"'{Q) and 
p = f-Q{W). 

Remark 2.1. Two distinct S-pre-images and X2 of some set X G X having the same 
order cannot intersect. Indeed, write n = ord(A'i) = ord(A'2) and for each i G {1, 2} write 
Xi = f~'^'{X), with Qi G Sn- Let P^ = f~^^{Qi n Q2), for j = 1,2. It follows that 
PiH P2 D XiH X2 0. Of course Pi ^ P2, otherwise X2 = f-'^-'{X) = (ripJ-^A") 
= ir\piy\'^) = f'^'i^) = ^i- Thus Pi n 7^ or P2 H dPi ^ 0. Assume that 

Pi n dP2 ^ 0. So, ^ r (Pi n dP2) c r (Pi) n a(r (P2)) c (Qi n Q2) n d{Qi n Q2) = 0. 

An absurd. 

Definition 2.2 (Linked sets). We say that two open sets Ui and U2 are linked if both 
Ui \ U2 and U2 \ Ui are not empty sets. 

Note that two connected open sets Ui and U2 are linked if and only if dUi fl U2 and 
f/i n dU2 are not empty sets. 

Definition 2.3 (^-nested set). A set V is called £^-nested ifV is an open set and V is not 

linked with any £ -pre-image of V . 

The fundamental property of a nested set is that any £^-pre-images Pi and P2 of it are 
not linked (see Corollary 12.61) . 

We can extend the concept of £^-nested set to a collection of sets in the following way. 

Definition 2.4 (£^-nested collection of sets). A collection A of open sets is called an £- 
nested collection of sets if every A E A is not linked with any £ -pre-image of an element 
of A with order bigger than zero. Precisely, if Ai G A and P is an £-pre-image of some 
A2 G A, then either Ai and P are not linked or P = A2. 
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Figure 1. A chain {Pq, Pi, P2, P3) of pre-images beginning in A. 

It follows from the definition of an £^-nested collection of sets that every sub-collection 
of an £^-nested collection is also an £^-nested collection. In particular, each element of an 
£^-nested collection is an £^-nested set. 

Lemma 2.5 (Main property of a nested collection). If A is an S -nested collection of open 
sets and Pi and P2 are £ -pre-images of two elements of A with ord(Pi) 7^ ord(P2) then Pi 
and P2 are not linked. 

Proof. Let = ord(Pj) for j = 1,2. We may assume that ii < £2 and, by contradiction, 
assume that Pi and P2 are linked. Let, for i = 1,2, pj G Pj fl dP^^j, Qi G Sg- and Ai E A 
be such that Pj = f~'^'{Ai). As £^ is a dynamically closed family of pre-images of elements 
of So, Q = f^^{Q2) e St^-tr and P = /^H^2) = /~^(^) is an £-pre-image of A2. On 
the other hand /^^(Pi) = Ai e A. As f^'{pi) G f^Pi) H d{f^'{P2)) = Ai n dP and 
f^'{P2) e /^i(P2) n 9(/^i(Pi)) = P n dAi, it follows that P and Ai are linked, but this is 
impossible because A is £^-nested. 

□ 

Corollary 2.6 (Main property of a nested set). IfV is an S -nested set and Pi and P2 are 

S-pre-images ofV then Pi and P2 are not linked. Furthermore, 

z/Pi n P2 7^ then ord(Pi) ^ ord(P2); 
(2) if Pi ^ P2 with ord(Pi) < ord(P2) then V is contained in an £-pre-image of itself 
with order bigger than zero, 

jord(P2)-ord(Pi)^y^ ^ y 

Proof. Lets suppose that Pi 7^ P2 are ^^-pre-images of V and set £j = ord(Pj) for j = 1,2. 
By Remark 12. H ii ^ £2- Thus, we may assume that £1 < £2- By Lemma [2.51 it follows that 
Pi and P2 are not linked. 

Now, suppose in addition that Pi C P2. Then V = /^^(Pi) C /^^(P2) {f^'{P2) is an 
£^-pre-image of V) and this will imply that /^^^^^(V") C /^^(P2) = V. □ 

2.1. Constructing nested sets. In this section (Section 12.11) let ^ be a collection of 
connected open sets such that the elements of A are not contained in any £^-pre-image of 
order bigger than zero of an element of A. 

A finite sequence /C = (Pq, Pi, ■ ■ ■ , Pn) of £^-pre- images of elements of A is called a chain 
of pre-images of A beginning in A E A (Figure [1]) if 

(1) < ord(Po) < ■ ■ • < ord(P„_i) < ord(PO; 

(2) A and Pq are linked; 

(3) Pj_i and Pj are linked VI < j < n; 

(4) P,^P,. V2^j. 
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Figure 2. On the left side it is shown a ball A (in grey) and the boundaries 
of the pre-images of A that belong to the chains. On the right side A* is 
shown. 

Denote by ch£{A) the collection of all chain of pre-images of A beginning in A E A. As 
the elements of A are connected and open, it is easy to check the following remark. 

Remark 2.7. If {Po, Pi, ■ ■ ■ , Pn) G chs{A), with A E A, then UJino '^^ ^ connected open 
set \/ < Uq < rii < n. 

For each A E A define the open set 

A* = A\^\J U^. (4) 

(P,),ec%(A) j 

Proposition 2.8 (An abstract construction of a nested collection). For each A E A such 
that A* 7^ choose a connected component A' of A*. If A' = {A' ; A E A and A* ^ 0} is 
not an empty collection then A' is an S-nested collection of sets. 

Proof. Suppose that A' ^ 0. By contradiction, assume that there exist Ai,A2 G A and 
a £^-pre-image P of A2 such that A[ and P are linked. So, as A[ and P are connected 
sets, 3p E Pn dA[. Let p = ord(P) and let E E S^he such that P = f'^iA'^). Setting 
Q = /-^(A2), wegetPcg. 

Claim. Q C Ai. 

Proof First note that QnAi D QnA[ D PnA[ ^ 0. On the other hand, HQndAi ^ 0, the 
unitary sequence {Q) will be a chain of £^-pre-images beginning in Ai, i.e., (Q) E chs^Ai). 
But this is a contradiction to the definition of A\ because Q H A* D Q n A[ ^. Thus, 
Q n dAi =0. As Q and Ai are connected sets and Q fl Ai D Q 7^ 0, we get Q D Ai or 
Q C Ai. The first option is not possible because (by hypothesis) the elements of A are 
not contained in any £^-pre-image of order bigger than zero of an element of A. Therefore, 
QcAi. □ 

As p G dA[, for a given e > there exists a chain {Qq, ■ ■ ■ ,Q„) E ch^^Ai) such that 
dist(p, U"^q(5j) < £■ On the other hand, as P and Q are open sets and p E P C Q, taking 
e small enough, P fl (U^^gQi) ^^^d so, 

n g D g„ n p ^ 0, (5) 

for some 1 < m < n. As Qo U ■ ■ • U Qm is a connected set (Remark 12. 7p and Qor\{X\Q) D 
Qo n {X \ Ai) 7^ (because Qq and Ai are linked), there exists < j < m such that 
Q. n (9g ^ 0. Let £ = min{0 < j < m ; n Q ^ 0}. 
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Figure 3. 

We have two cases, either ord^Qi) < ord((5) or oid^Qi) > ord(Q). Suppose first that 
ord(Q^) < ord(Q). By the minimahty of i, Q Qj WO < j < i. Thus, it is easy to 
check that AC = {Qo, ■■■ ,Qi,Q) G chs{Ai). As Q n D Q n A[ ^ (J), the existence of 
the chain /C is a contradiction to (jl]) and so, this case cannot occur. For the second case 
{oYd{Qe) > ord((5)), consider the sequence /C = {f^{Qe), • • ■ , f^iQm))- It is also easy to 
check that /C G 0/1^(^2) (note that, as f^{Q) = A2, f^{Qe) n = f^{Qe n dQ) ^ 0). 
But, as /P(P) = A'2 C A*, it follows from ([5]) that f^{Qm) n A* D f^{Qm n P) ^ 0, 
contradicting (j4]) again and concluding the proof. □ 

An easy way to assure the existence of nested sets (or collections) is to show that the 
chains have small diameter, where the diameter of a chain {Pj)j is defined as the diameter 
ofU.P,. 

Corollary 2.9. Let e e (0, 1/2) and let A = Br{p) he a connected open hall with radius 
r centered in p ^ X such that f"'{A) (f_ A Vn > 0. // every chain of S-pre-images of A 
has diameter smaller than 2er then the set A*, given hy ^ contains the hall -Br(i-2e) (p) ■ 
Moreover, the connected component A' of A* that contains p is a S-nested set containing 

Br(l-2e){p)- 

Proof. Set A = {A}. As f^{A) ^ A Vn > 0, it follows that A is not contained in any 
£^-pre- image of itself (with order bigger than zero). Let F be the collection of all chains 
of 6^-pre-images of A. If {Pj)j G F then [Jj Pj is a connected open set intersecting dA 
with diameter smaller than 2er. Thus, [JjPj C B2er{dA), W{Pj)j G F. As a consequence, 
A* = A \ |J(-p^.)_,gp [Jj Pj D A \ Bi;{dA) D Br(i-2e){p) is a non-empty open set. Taking A' 
as the connected component of A* that contains p (and so, contains Br(i-2e){p)), it follows 
from Proposition 12.81 that A' is a £^-nested set. □ 

3. Ergodic components 

Before constructing the Markov partition using the adapted nested sets, we need also 
some preliminary knowledge of the so called ergodic components for non (necessarily) 
invariant measures. This knowledge is important to assure good statistical properties for 
these nested sets with respect to the class of measures that we are working on. 

Let /i be a finite measure defined on the Borel sets of the compact, separable metric 
space X and let / : X — X be a measurable map. A subset U G X is called an invariant 
set (with respect to /) if f~^{U) = U, and it is called a positively invariant set if f{U) C U. 
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Definition 3.1 (Ergodic components). An invariant set U with fi{U) > is called an 
ergodic component (indeed, a ergodic component with respect to f), if it does not admit 
any smaller invariant subset with positive measure, that is, ifVdUis invariant, f~^{V) = 
V, then either fi{V) or fi{U\V) is zero. The measure /i is called ergodic if X is an ergodic 
component. 

We stress that in the definition of ergodic measure and ergodic components we are not 
assuming the invariance of the measure n with respect to /. Let us give some examples of 
non-invariant ergodic measures. 

Example 3.2. Given anyp G X\Fix{f), the Dirac measure Sp is ergodic and non-invariant 
(Fix{f) is the set of fixed points of f). More in general, given a finite subset U C Oj{p) 
of the pre-orbit of a point p E X , let fi = ^ Yliq&A ^q- //" f~^i.^) ^ ^^^^^ A* ergodic 
probability but not invariant. 

Example 3.3. Given an ergodic (not necessarily invariant) measure fi, letYcX be such 
that fi{Y)fi{f^^{Y) \ F) > 0. Then the restriction of fi to Y, is non-invariant and 
ergodic. 

Example 3.4. By Martens |1D], the Lebesgue measure is ergodic and non-invariant for 
every non-flat S -unimodal map f without a periodic attractor. In particular when f is an 
infinitely renormalizable map the Lebesgue measure is ergodic but there is no absolutely 
continuous invariant measure (for multimodal maps, see Blokh-Lyubich |9],[T0] and Vargas- 
van Strien [Q0\). 

Following Milnor's definition of attractor (indeed, minimal attractor [12]), a compact 
positively invariant set A will be called a /x- attractor, or for short, an attractor, if its basin 
of attraction Bf{A) = {x G X;ujf{x) C A} has positive measure and, in contrast, the 
basin of every positively invariant compact subset A' A has zero measure. Here, ujf{x) 
denotes the cj-limit set of x G X. 

A collection V of sets with positive measure is called a partition mod /i of f/ C X if 
this collection covers U almost everywhere (;u(f/ \ Upep P) = 0) /i(P H Q) = for 
every P,Q & V with P ^ Q. The diameter of a partition V is defined by diameter('P) = 
sup{diameter(P) ; P G V}. 

Proposition 3.5 (Ergodic attractors). Given an ergodic component U G X , there exists 
a unique attractor A (Z X that attracts almost every point of U. Moreover, ujf{x) = A for 
almost every point ofU. 

Proof. Let Vi be any finite partition (mod fi) of U formed by open subsets and with 
diameter (Pi) < 1. We will construct by induction a sequence of partitions Vi < V2 < ■■■ 
of U in the measure-theoretical sense. Thus, suppose that the collection Vn~i has already 
been constructed. Set, for each P G Vn-i, Up = {x E U;ujf{x) fl P 7^ 0}. As U is an 
ergodic component and f~^{Up) = Up (because ujf{x) = uj{f{x)) Vx), either Up or U\Up 
is a zero measure set. 

Given P G Vn~i, we define a partition Pp (mod /i) of P as follows. If j^iUp) = 0, we set 
Pp as the trivial refinement, i.e., Pp = {P}. On the other hand, if /i(f/p) > 0, we choose 
any Pp in the collection of finite partitions (mod /i) of P G Vn-i formed by open subset 
of P with diameter smaller that idiameter(P) (see Lemma [10.11) . Now, define 

P„ = {QgPp;PgP„_i}. 

For each n G N, set V* = {P E Vn U \ Up is a zero measure set} and Kn = UpeP* ^■ 
As Ki D K2 D ... D Kn D ... is a nested sequence of non-empty compact sets, A = f]^ 
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is also a non-empty compact set. By construction, for almost every point x G f/ and 
Wn e N, ijf{x) C Kn and Ljf{x) nPWP e V*. Moreover, as diameter(P) < 2"" VP G V*, 
it follows that sup{dist(|/, C/(a;)) ; |/ e A} < 2~" and ujf{x) C C B2-n{A) = {p e 
X ; dist(p. A) < 2~"} for every n E N and almost every point x E U. Thus, ujf{x) = A for 



Consider for each point a; of a positively invariant set U G X, a. subset U{x) C 0^{x) 
of the positive orbit of x. 

Definition 3.6. The collection U = {U{x))x&u is called asymptotically invariant if for 

every x E U, 

(1) G N ; G = oo and 

(2) U{x) n = U{f{x)) n for every big n G N. 

Definition 3.7 {ujf^). Given an asymptotically invariant collectionU = {U{x))x&u , define 
for each x the omega- W limit set of x (omega- W of x, for short), denoted by ujf^u{x), as 
the set of accumulation points ofU{x) and, that is, the set of points p E X such that there 
is a sequence rij +oo satisfying U{x) 3 f"'^{x) p. 

It is easy to check that ujui^) is a non-empty compact set but not necessarily invariant. 
We say that the asymptotically invariant collection U = {U {x))x^u has positive frequency 
if limsup ^#{1 < j < n; f^{x) G > 0, for every x E U. 

Definition 3.8 (tu^j^^). If U is an asymptotically invariant collection with positive fre- 
quency, define u_^_j^u{x)! the set of Z^-frequently visited points ofx orbit, as the set of points 
p E X such that limsup ^#{1 < J < ; /■'(x) E V({x) DV} > for every neighborhood V 
of p. 

Lemma 3.9. Let U = (U{x))xeu be an asymptotically invariant collection defined in an 
ergodic component U and let A E X be the attractor associated to U. There is a compact 
set An C A such that ujf^{x) = Ay for ^-almost every x E U. Furthermore, if U has 
positive frequency then there is also a compact set A^j^ C Au such that oj^^jju^x) = 
for ^-almost every x E U. 

Proof. We construct the compact sets Ay and A^^u in the same way we did for A in the proof 
of Proposition 13. 5[ For Ak the only difference is that we have to change ujf{x) by ojf^j^x) 
in the proof. Note that the key property of ujf{x) used there is that ujf{x) = ujf{f{x)) and 
we also have the same property for ujj^k, i.e., Uf^u{x) = Uf^uifi^))- 

For A^^u we have, of course, to change in the proof Uf by uj^j^u (again uj^j^u{x) = 
^+j,uifi^)) ^) ^6 have also to change the definition of the set Up. For this we 
proceed as follows. Given a point x E U and a set C X denote the W-visit frequency of 
X to by (f)K{x) = limsup ^#{0 < j < n;f^{x) E K nU{x)}. Set, for each P E Vn-i, 
Up = {x E U;(f)p{x) > 0}. As we are using limsup in the definition of (px, we get 
0i^(x) > or 4>x\k{x) > 0. This is important to ensure that ^ ^ 'in (see proof of 
Proposition 13.51) . 

To finish the proof, we remark that every point of A^^ = f]^ Kn is accumulated by the 
sequence {/"(x) ;n G N and /""(x) G U{x)} for almost every point x E U and so, is 
contained in A^ which is contained in A. Moreover, if B is an open set with B fl A^^jj ^ 
then for any big n there will be some element P of V* contained in B. Therefore, by 
construction, limsup ^#{0 < j < n; f^{x) E B nU{x)} > limsup ^#{0 < j < n; f^{x) E 



/i-almost every point x E U. 



□ 



pnw(x)} > 0. 



□ 
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Figure 4. U is an ergodic component with its attractor A and its omega- W 
set Au- 

As defined in Section |5l a measure fi is /-non-singular if tlie pre-image by / of any set 
witli zero measure fias also zero measure <^ fi). Tlie ergodic measures tliat appears 
in Example 13.21 and 13.31 are not in general /-non-singular. The lemma below gives a way 
to construct new /-non-singular ergodic measures. 

Lemma 3.10. If fi is a f -non-singular ergodic measure (not necessarily invariant) then 
j^^fJ^ls 0, f -non- singular ergodic probability whenever E G X is a positively invariant 
Borel set with positive measure (i.e., f{E) C E and ^i{E) > {]). 

Proof. As in Example 13. 3[ ^j^^/^U is an ergodic probability. We need only to show that 
this probability is /-non-singular. Given y C X, we have ^{f^^(Y) Cl E) < ^{f^^(Y) fl 

f-\fm) = ^^{^-\Ynf{E))). Thus, if = ^l{YnE) = o then < ^l\Ar\y)) < 

^{f ^{Y n f{E))) = (because /i is /-non-singular). As a consequence, j^^^I'Ie is /-non- 
singular. 

□ 

Lemma 3.11. Let n be a finite measure. If there exists some 6 > such that every 
invariant set has /i measure either zero or bigger than 6, then X can be decomposed into a 
finite number of /i ergodic components. 

Proof. Let Wi C X be any invariant subset of X (for example, Wi = X) with non zero fi 
measure and let J-'{Wi) be the collection of all invariant subsets U C Wi with fi measure 
bigger than zero. Note that J-'{Wi) is non-empty, because Wi G J-'(Wi). Let us consider 
the inclusion (mod /i) partial order on J^{Wi). 

Claim. Every totally ordered subset F C J-'{Wi) is finite. In particular, it has an upper 
bound. 

Proof. Otherwise there is an infinite sequence 70 D 7i D 73 D • ■ ■ with yu(7fc \ ■jk+i) > 
VA;. But as X]fc/^(7fc \ 7fc+i) = /^(7o) < 00, it follows that /i(7fc \ 7fe+i) < 6 for k big and 
this contradicts our hypothesis as every 7^, \ 'jk+i is an invariant set. □ 

From Zorn's lemma, there exists a maximal element Ui G J-'{Wi) and this is necessarily 
an ergodic component. 

As W2 = X \ t/i is an invariant set, either it has zero /i measure or we can use the 
argument above to W2 and obtain a new ergodic component U2 inside X\Ui. Inductively, 
we can construct a collection of ergodic components Ui, ...,Ur while fi{X\UiU ...UUr) > 0. 
But, as /^(t/j) > S, this processes will stop and we will get the decomposition of X into /i 
ergodic components as desired. 

□ 
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Proposition 3.12 (A criterion for ergodicity). Let fi be a f -non-singular finite measure. 
If there exists some 6 > such that every positively invariant set has fi measure either zero 
or bigger than 5, then X can be decomposed into a finite number of fi ergodic components. 
Moreover, the attractor associated to each ergodic component has positive fi measure. 

Proof. As every invariant set is positively invariant, it follows from Lemma 13.111 that X 
can be decomposed into a finite number of n ergodic components. 

From Proposition 13.51 each ergodic component f/ of X is the basin of some attractor 
A. Let us, for instance, suppose that fi{A) = 0. In this case, one can choose an open 
neighborhood V of A such that fJ,{V) < 6 and an integer no such that /i(f/') > 0, where 
U' = {x e U ; f"'{x) e Vn > no}. Note that /i(/'^°(f/')) > because is /-non-singular. 
As U' is positively invariant, f^°{U') is a positively invariant set with < fJ'{f^°{U')) < 
fi(y) < 6, but this is impossible by ours hypothesis. So, fi{A) > (indeed, fi{A) > 6). □ 

We end this section relating the number of n ergodic components with respect to / to 
the number of /i ergodic components with respect to f'^. 

Lemma 3.13. Let fi be a f -non- singular finite measure. IfU is an ergodic component with 
respect to f then U can be partitioned in at most k ergodic components with respect to f^. 
Furthermore, ifUi,U2 C U are ergodic components with respect to f^ then U2 = f~-'{Ui) 
(mod fi) for some < j < k. 

Proof. First we will prove by induction that U can be partitioned (mod fi) in a finite 
number of ergodic components with respect to f''. Of course this claim is true for k = 1. 
Thus, suppose by induction that for every 1 < j < A; — 1 we can decompose U (mod ft) in 
a finite number of ergodic components with respect to f^. 

If U is ergodic with respect to f'^ there is nothing to prove. Thus, we may assume that 
there is an invariant set Y C U (that is, f~^{Y) = Y) with < fiiY) < fi{U). 

Let {ji, js} be a maximal subset of {1, k} (with respect to the inclusion) such that 
fi{Y n f-^'iY) n ... n f-^^iY)) > O. Set Yi = Yn f~^'{Y) n ... n f-^^{Y). Note that 
/"''(Y'l) = Yi. Furthermore, by maximality, if fi{f~^{Yi) fl Yi) > then /~^(Yi) = Yi 
(mod fl). Let ai = min{l < I <k ■ /"^(Fi) = Fi}. Of course, /"^(UjLo V"^'(>'i)) = 
Ujio^ /^•'(Yi) (mod fl). As U is ergodic component for /, we get 

ai — 1 

U=[j f-^{Y,) (mod/i). 
i=o 

Claim. Yi is an ergodic component for /"^ . 

Proof of the claim. Suppose that Yi C Yi is /"^ invariant and /i(Y'i\Yi') > 0. As f^°'^(Yi\ 
no = YI \ Yi', we jet /"HUlLo' niXi \ Y^)) = [jfj f-^{Y, \ Y,') and, as U is ergodic 
component for f,U = Ujio^ / ''(^1 \ ^1') (mod fi). Thus 

ai — l ai — 1 

E /^(/"'(^i)) = t^iu) = J2 f^if-'iYi \ y^))^ (6) 

j=0 j=0 

because /i(/~*(Y[) fl /^•'(Yi)) = OVO<z<j<ai — 1 (here we are using that fi is /- 
non-singular). As /i(/-^(Yi)) > fi{f-^{Yi \ Yi')) V j, it follows from ([S]) that /i(/-^(Fi)) = 
fi{f-^{Y, \ Y,')) Vj and so, fi{Y,') = 0. □ 

Denote by U the collection of all ergodic component U G U with respect to some iterate 
j = 1, ■ ■ ■ ,k — 1. By induction U is finite and so, 6 = min{/i([/) ; U G U} > 0. 
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From the claim above follows that if U is not an ergodic component with respect to /'^ 
then every /'^-invariant set Y G U with < yu(l^) < fJ'{U) contains some element of U. 
Thus, every positively invariant subset of U has fi measure either zero or bigger than 6. 
Applying Lemma 13. Ill to /i (indeed to Jl = fi\u), it follows that U can be decomposed into 
a finite number of fi ergodic components with respect to /'^. 

To finish the proof of the lemma, let W G U he an ergodic component with respect to 
f. As r'^iW) = W, f-\[j'rln{W)) = [j-Zln{W). Thus, by the ergodicity of f/, 

U = [J'^Zq (W) (mod /i). Note that, if C t/ is an ergodic component with respect 

to Z*^ and ij{Wnf^^{W)) > 0, then W = f-^{W) (mod /i), because f-''{W f] f'^{W)) = 

W n f~^(W) and W is ergodic with respect to /''. As U = IJj=o f~^i^) (mod /i), we can 

conclude that any ergodic component W G U with respect to is (mod fi) an element of 
{WJ-\W),...J-(''''\W)}. 

□ 



4. Characterizing the liftable measures 

In this section we obtain a statistical characterization of the liftable measures for a given 
induced map (see Corollary I4.6p . Differently of Zweimiiller's results [72], this character- 
ization is given by a statistical condition, condition ([7]), not by the integrability of the 
induced time with respect to the reference measure (the one that we want to lift). This is 
important to avoid an additional condition of integrability of the induced time with respect 
to the reference measure (in our context this is not a natural condition). 

Let X be a compact separable metric space and f : X —>■ X a measurable map defined 
on X. 

Definition 4.1 (Markov map compatible with a measure). We say that a Markov map 
{F, V) defined on an open set Y G X is compatible with a measure fi if 

(1) f^{Y) > 0; 

(2) fi is F -non-singular; 

(3) /i(UpeP^) = Ai(^) particular, fi{dP) = OWP eV). 

We say that a measure n has a Jacobian with respect to the map f : X ^ X if there is 
a function J^/ G L^{fJ^) such that 

/z(/(A)) = / J^/rf/i 
J A 

for every measurable set A such that /|a is injective. When the Jacobian exists, it is 
essentially unique. In general, the Jacobian may not exist, but if, for instance, /i is a 
/-invariant measure and / is a countable to one map then the Jacobian of with respect 
to / is well defined (see [IS])- 

Definition 4.2 (Markov map with yU-bounded distortion). We say that a Markov map 
{F, V) defined on an open set Y G X has bounded distortion with respect to a measure /x 
(for short, has /i-bounded distortion^ if {F,V) compatible with n, /i has a Jacobian with 
respect to F and 3 iiT > such that 



log - 



for fj, almost every x,y E P and for all P E V. 



<i^dist(F(x),F(y)), 
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The remark below is a well known fact about projections of invariant measures of induced 
maps, see for instance Lemma 3.1 in Chapter V of [H]. 

Remark 4.3. Let {F, V) he an induced Markov map for f defined on some Y G X and let 
R be its induced time. If u is a F -invariant finite measure such that J Rdv < oo then 

Pev j=o ^ j=o ^ 

is a f -invariant finite measure. 

Note that, if (F, P) is compatible with a measure /i, the cr-algebra generated by {F~"(P) 
; P G P and n > 0} is equal to the Borel sets of V (mod /i). Thus, using for example 
Lemma 4.4.1 of [Ij, it is easy to obtain the following result. 

Proposition 4.4 (Folklore Theorem). Let fi be f -non-singular measure. If {F,V) is an 
induced full Markov map for f with ^-bounded distortion then there exists an ergodic F 
invariant probability u <^ ji whose density belongs to L°°{fi). Indeed, log ^ G L°°(yu||di-^Q|). 

Moreover, if the inducing time R of F is u-integrable, then rj = Xlpep X^j^o''"^ ('^Ip) 
is a fi absolutely continuous ergodic f -invariant finite measure. 

In Theorem [1] we obtain an absolutely continuous F-invariant measure u replacing the 
condition of bounded distortion (that appears in Proposition 14. 4p by fi being /-invariant 
and the statistical condition ([7]). Furthermore, this statistical condition assures that pro- 
jecting 1/ by the dynamics of / we recover /i. That is, every invariant measure satisfying 
d?]) can be lifted (indeed this is necessary and sufficient condition, see Corollary 14.61) . 

Theorem 1. Let {F,V) be an induced full Markov map for f defined on an open set 
B G X . Let R be the inducing time of F and fi be an ergodic f -invariant probability such 
that fi{{R = 0}) = 0. // there exist O > such that 

limsup i#{0 <j<n; f^{x) G 0^{x)} > (7) 

for fi almost every x G B, where Op{x) = {F^{x) ; j > 0} is the positive orbit of x by F, 
then there is a non trivial 0) finite F -invariant measure v such that v^) < fJ'iX) for 
all Borel set Y G B and such that J Rdv < 0^^. 

Proof. Let *B = {x G P ; F^{x) G IJpgT' — 0}- Of course, ^ is a metric space with 
the distance of X and ^ = B [fi mod). 

Let W be a collection of subsets of 03 formed by the empty set and all F C 03 such 
that Y = (F|pJ-i o . . . o (F|pJ-i(Q3) for some sequence of Pi,...,Ps G V. That is, the 
elements of W are the empty set and all homeomorphic F pre-image of 03. Note that W 
is a collection of open sets of ?B. Given y C ^ and r > 0, let W(r, Y) be the set of all 
countable covers {/j} of Y by elements of W with diameter(/j) < r \fi. It is clear that 
>V(r, y) ^ VF C 03 and Vr > 0. 

Given a Borel set F C 03, let r(F) G [0, 1] be such that 

t{Y) = limsup -{0 <j<n; f^{x) G F nC»J(x)}, 

n— >+oo ri 

for /i almost every x G X. 

Claim 1. The function r has the following properties. 
(1) r(0) = 0; 
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(2) r(fB) > > 0; 

(3) t{Yi) < t{Y2) whenever Yi C Y2 are Borel subsets of^; 

(4) r(U^i < [jT=i ^(Yi) \fY^, Y2, Ys,... Borel subsets of ^; 

(5) t{Y) < ^i{Y) for all Borel set Y C 03; 

(6) t{F-^{Y)) = t{Y) for all Borel set F C 03. 

Proof of Claim [II The first four items follows from ([7]) and the definition of r. From 
Birkhoff Theorem follows the fifth item. Indeed, fi{Y) = lim^#{0 < j < n ; f^{x) G Y} 
for every Borel set F C ^ and fi almost every x. Thus, t{Y) < fi{Y) for every Borel 
set y C 03. To check the last item considers a Borel set Y G As F^{x) E Y 
F^-\x) G F-\Y) Vj > 1 and Vx G 03, we get t{F-\Y)) = r(F). □ 

Following the definition of pre- measure of Rogers [52] , r restricted to W is a pre-measure 
(Definition 5 of [52j). Given y C 03, define 



i^{Y) = supz/,(r) = limz/,(F) 

r>0 V 

where UriY) = inf^^^^^^j ^^■^) ^^'^ W(r, Y) is the set of all countable covers X = {/j} 
of Y by elements of W with diameter(Jj) < r ^ i. The function i/, defined on the class of 
all subset of 03, is called in [52] the metric measure constructe from the pre-measured r by 
Method II (Theorem 15 of [52]). 
As (F, V) is a full Markov map, 

either h C h or I2 C h or /i n /a = 0, V/i, h G W. (8) 

Thus, 

Ur{Y)= inf $^r(/), 

I6W{r,y) 

where >V(r, Y) = {{/,;} G W(r, F) ; n = Vz ^ j}. 
Claim 2. z/(y) < fi{Y) for every Borel set Y G 

Proof of Claim\^ Let Y G As we are working only with countable additive mea- 
sures defined on the Borel sets (see Section II. ip . is a regular measure. So, /i(V) = 
inf _ u f I J f = inf ~ y^rc-rAif-^) > inf ~ y^rcrTf/) = z^rf^) for every 
r > 0. Thus v{Y) < ^i{Y). □ 

It follows from Claim [1] and [2] that z/ restricted to the Borel subsets 03 is finite and 
non trivial, i.e., z/ ^ 0. Indeed, z/(0) = < ^ < r(03) < z/(03) < /i(5). Therefore, 
Theorem 19 and 3 of [S2] assures that u restrict to the Borel subsets of 03 is a countable 
additive measure. 

Before we show that u is F-invariant (Claim [3]) let us introduce some notation. 
Notation 4.5. Let Y being Borel subset of ^ and r,r' > 0. 

• Given I G W(r, Y), set F*I = {{F\p)-\l)}iex,Pev- 

• Given X G W(r, F ) and x G 03, let X(x) be the element of X that contains x, if 
X G J2iei^- Otherwise, X(x) = 0. 

• Given I G VV(r, Y) and I' G >V(r', Y), define I Hy T = {X(x) n I'{x) ■,xeY}. 

Given X G VV(r, F) and T G VV(r', y), follows easily from that 

InyT e VV(min{r, r'}, F). (9) 
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Furthermore, ([8]) and Claim [1] give 

5^ r(/)<min{5^r(/),5^r(/)}. (10) 
lexnyT lei /eX' 

Claim 3. u is F -invariant. 

Proof of Claim\^ Let F be a Borel subset of ^. Let be a sequence of ai > 02 > ■ • • > 
\ a sequence of positive real numbers and Xi,X2, . . . a sequence of covers of Y by 
elements of W satisfying the follows properties. 

(PI) z/,^(r)<z/a,,.(r) Vj>l; 
(P2) Va,{y)J ^{y) < ^a,{Y) + (1/j) Vj > 1; 
(P3) Ij e Wiaj,Y) Vj > L 
Given £ > 0, let 5 > be such that 



K U ^) < 



(11) 

6' ^ ' 



where Vx = {P \ fi{P) < 5}. 

Set Vo = {P e V ; fi{P) > 6}. Of course, no := #Po < 00. For each P e Vq, let 
< 6p < diameter(P) be such that 

u,,{{F\p)-\Y)) < u{{F\p)-\Y)) < u,,{{F\p)-\Y)) + ^, (12) 
and let Jp E W(6p, {F\p)-\Y)) such that 

'^^mpr'iY)) < J2 <J) < ^u{F\p)-\Y)) + (13) 

As bp < diameter(P), it follows from ([8]) that J C {F\p)-\^) = Pn«B VJ G Jp. Thus, 
for every P eV with -R(P) < we have 



(F|p)"i(r)c U 



Jejp 

As IJjej"p J ^ P F|p is a homeomorphism, it follows that {F( J)}^^^^ G W(rB, Y) 
VP G "Po) where rp = diameter (P). So, by ([9]), 

and 

Hy Jo e >V(%, y) for every j > 1. 

Given P eVq, note that 

{(P|p)-i(/)},,,^,^^^ = /Ci ny, Jp ny, /C2, (14) 

where Fp = (P|p)-i(y), /Ci = {(P|p)-i(/)},ex, and 

^^ = p%m-y'm^^^.- 

It follows from and ([H]) that 

{(P|p)-i(/)}^ G >v(6p, (P|p)-^(r)), VP G Vo. (15) 
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Furthermore, by ffTOj) and f|T^ we get 



Using the definition of Ubp, (|T5l) . ( fT6l) and (|T3l) . we obtain for all P eVo that 

z.,,((F|p)-i(r)) < ^(^) = 

= E r((F|p)-^(J))< ^r(/)<z.,,((F|p)-^(F)) + ^. 

Therefore 



I(iF*{Jjr\YJo) 



PeP 



< 



PePo /eXjOyJo 

+ 5^ K(i^ip)-^(n) + E E < 

PePi PePi /eXjOy Jo 

< Y v{{F\p)-\Y)) - J2 r{{F\p)-\l)) + 
PePo lei^nyJo 

+ J2 KiF\p)-\Y)) + E E • 



PePi 



As * < /i(UpePi^) ^Iso ** < EpePi^((^l^') ^(U/ex,nyJo ^)) ^ EpePi 
/^(UpePi -^)' follows from ( ITTi) that 



/eP'CXj-riyJo) 



< 



< ^ K(i^ip)-^(>^))- E <(F\pr'(n) 

PePo /ex^riyJo 



-e/3. 



By ([T2]) and ([T 



* * * < 



u{{F\p)-\Y))-u,,{{F\p)-\Y)) 



+ 



+ 



< 



3no' 



Therefore, 



/eP*(x,nyJo) 



2 
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Let j > 3/e. Using the properties of r (Claim [1]), the fact that 2j fl^ JJq G W{aj,Y), 
(P2) and we get 

u{Y)<^- + u^^{Y)<^-+ Yl = 

= 7+ E r{F-\i))^\+ AY^iFM-'i'))< 
^7+ E E-((^i'-r'«) = 7+ E 

<- + v{F-\Y)) + le< u{F-\Y)) + e. 
3 3 

Thus, given a Borel set F C ^, we can conclude that viY) < u{F^^{Y)) + e for every 
£ > 0. That is, 

v{Y) < v{F-^{Y)) for all Borel set F C «B. 

To conclude the proof of Claim [3], let us assume the existence of a Borel set L C ^ such 
that v{L) < v{F-\L)). As v{^\L) < u{F-\^\L)), we obtain z/(?B) = u{L) + u{^\L) < 
u{F-\L)) + u{F-^{^ \ L)) = z/(?B), which is an absurd. □ 

Now, suppose that / Rdu G (7, +cxd], for some ^ < 7 G M. As z/ is F invariant and 
i? > 0, it follows from Birkhoff Theorem that 3 ?B C ^ with > such that for every 
X G ^ there is some G N satisfying Y12=o-^ ° F^{x) > 'yn \fn > Ux- In this case, for 
every n > 'jUx (> n^) and every < j < n we get "^I^qR o F^{x) > 7 j = 7^n > n. 
Thus, 

^ 1 
sup{j > ; ^ i? o F^{x) <n} < -n <Qn, 

k=0 ^ 

for all n>'ynx and all x G 03. 

Because { j > ; Yli=o R o F''{x) < n} = {0 < j < n ; p{x) G C»^(a;)} and sup{j > ; 
Ei=o ^ ° ^^(^) < ^} = #{j > ; Ei=o ^ ° ^''(^) < it follows that 

#{0 < j < n ; P{x) G (x)} = sup{j > ; ^ i? o F\x) < n}. (19) 

k=0 

So, for every x G we get 

limsupi#{0 <j<n; P{x) G C»+(x)} < O (20) 

But this is a contradiction. Indeed, as z/ ^ yU, we have by hypothesis that z/({x G 
<8 ; ([20D holds}) = z/(«B \ {x G <8 ; ([7D holds}) = 0. This proves that / Rdv < Q-^. 
To finish the proof of the theorem, we extend z/ to -B by setting v{B \ 55) = 0. □ 

Using Theorem [1] we obtain the following characterization of the liftable measures. 

Corollary 4.6. Let {F, V) he an induced full Markov map for f defined on an open set 
B G X . Let R be the inducing time of F and n be an ergodic f -invariant probability such 
that fJ,{{R = 0}) = 0. The following statements are equivalent. 

(i) There is a F -invariant finite measure z/ <^ /i such that jj, = X]j=o f*i^\{R>j}) ■ 
(a) For fj, almost every x E B, limsup^ ^ j < /-'(x) G Op{x)} > 0. 
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(in) For ji almost every x E B, limsup„ ^ sup^jj > ; J2k=o^ ° F^i.^) <n} > 
(iv) There is a F -invariant finite measure u <^ fi such that < J Rdv < oo. 

Proof. By flTIJl) follows that (ii)-v^(iii). As yU = X]j=o /* (^l{H>i}) implies that / Rdv = 

Z]j=o /* (^l{R>j})(^) = /^(-^); it follows that (i)^(iv). We get (i)<^=(iv) from Proposi- 
tion U31 As (ii)^(i) follows from Theorem [1], only (iv)^(iii) remains to be proved. 

Suppose that (iv) holds. For every n G N and each s G 53 := {a; G i? ; F-' (x) G UpeP ^ 
V j > 0}, let ixiji) = supj{j > ; X]fc=o ^ ° F^i.^) < ""■}• Thus, for every x E B, 

, y i?ona:)> , n = ^ V (21) 

+ 1 ''-z,.(n) + l z,(n) V^x(ri) + i; 

If, by contradiction, limsup„ ^sup^ jj > ; '^I^qR^ F''{x) < n} = for /i almost every 
X E B, then \imnn/ix{n) = oo for /i almost every x E B. Using fl2Tl) it follows that 
limsupfc ^ ^^ "q i? o F^{x) = oo for /i almost every x E B. This contradicts (iv) as, by 
Birkhoff Theorem, limsup^ ^ Si=o ° F^{x) = f Rdu < oo for u for a.e. x E B and so, 
/i({a; G B ; limsup, i E,ti ° ^^ (a^) < oo}) > 0. 

□ 

Lemma l4n just below will be useful to bound the space average of the induced time by 
having some information about the time average of the induced time. This will be necessary 
for projecting an invariant measure of the induced map onto a /-invariant measure. 

Lemma 4.7. Let {Gj}j^f>j be a collection of subsets of X such that f^{x) G Gn-j VO < 
j < n \f X E On- Let B G X and let x E B be a point such that ^{j > ; x E Gj and 
P(x) G 5} = oo. Let T : 0~^{x) f] B ^ C+(x) f] B be a map given by T{y) = f^^y\y), 
with 1 < g{y) < min{j G N ; y G Gj and f-'{y) G B}. Then 

j 

#{1 < J < ^ ; x G Gj and f^{x) eB}< #{j > ; J^diT^x)) < n}. 

k=0 

Moreover, //limsup„ ^#{1 < j < n]x E Gj and f^{x) G B} > > then 

^ 1 

liminf-V ^oTJ(a;) < &~\ 

j=0 

Proof. Given n G N, set r„ = {1 < j < n | x G Gj and f^{x) G B} and S„ = {j > ; 

As To = = So, we have ^Tq < #So. By induction, assume that j^Tj < ^T,j VO < j < 
n. To prove that 7^r„ < we may assume that n G r„, otherwise 7^r„_i = and 
so, #r„ = #r„_i < #S„_i < #S„. Let i = max{j ; j G S„,_i} and s = Ylk=Q 9{T^ {x)) ■ 
As s < n — 1 and x G G„, we have T^^'^[x) = /*(x) G Gn-s- Moreover, we also know 
that /'*(x) G B, f^~'^{f^{x)) = f^{x) G B and so, g{f^{x)) < n — s and, as a consequence, 
Eitl 9{TKx)) = Y!k=o9iT\x)) + g{T'+\x)) < s + {n - s) < n. Therefore, £ + 1 G 
Sn \ 1 and so, = ^r^—i 1 ^ ^S^— i ~l~ 1 ^ (as ?t. G r„, r„ = {n} u r„_i), 
completing the induction. 

Assume now that limsup„^#{l < j < n;x G Gj and /•'(x) G B} > > 0. If 
liminf„ ^ ^2=0 fl' ° T^{x) > 0~^, there is some no such that ^^=0^' ° > n 
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Vn > riQ. In this case, if uq < Qn < j < n then Yyk=o9 ° T''{x) > O = Q ^^n > n. 
So, i^T,n{x) <Qn Wn > uq and, as a consequence of < Vn, 



hmsup— #{1 < j < n;x G Gj and /"'(x) G -B} = hmsup— #r„ < 6, 




contradicting our hypotheses. □ 



5. Zooming sets and measures 



In this section we introduce the notion of zooming times. This notion captures and 
weakens the geometric aspects of the hyperbolic times (Section [8]), allowing more flexibility 
in the applications and examples. 

Let / : X ^ X be a measurable map defined on a connected, compact, separable metric 
space. 

Definition 5.1 (Zooming contraction). A sequence a = {an}i<nm of functions an '■ 
[0, +oo) [0, +oo) is called a zooming contraction if it satisfies the following conditions 

• anir) < r Vr > and \/n > 1; 

• On o am{r) < an+m{r) Vr > and Vn, m > 1; 

• supo<^<i (Er=i"n(r)) < oo. 

For instance, an exponential contraction corresponds to a zooming contraction a„(r) = 
A"r with < A < 1. We note that we can deal with polynomial contractions {an{r) = 
n'^-r, a > 1) and also with contractions that becomes in small scales as weak as we want 
(a„(r) := ( j^_^^^ )^r defines a zooming contraction and lim^^o ^^v^ ~ Example 19. 131) . 

Let a = {onjn be a zooming contraction and 5 > be a positive constant. 

Definition 5.2 (Zooming times). We say that n > 1 is a (a, 5)-zooming time forp G X 
(with respect to f) if there is a neighborhood Vn{p) of p satisfying 

(1) f"' sends Vn{p) homeomorphically onto Bs{f^{p)); 

(2) dist(p(x),p(?/)) < a„_j(dist(/"(x),/"(?/))), for every x,y E K(p) and every 



The ball Bs{f"'{p)) is called a zooming ball and the set Vn{p) is called a zooming pre-ball. 
Denote by Z„(a, 6, f) the set of points of X for which n is a {a, 5)-zooming time. 

Definition 5.3 (Zooming sets). A positively invariant set A G X is called a zooming set 
if holds for every x G A. 

Definition 5.4 (Zooming measures). A f -non- singular finite measure /i defined on the 
Borel set of X is called a weak zooming measure if fi almost every point has infinitely 
many {a,6)-zooming times. A weak zooming measure is called a zooming measure if 



for ji almost every x E X . 

Definition 5.5 (Bounded distortion). We say that a weak zooming measure /i has bounded 
distortion if3p>0 such that, Vn G N and /i almost every p G Z„(q;, 6, f), the jacobian of 
/" with respect to fj,, J^f"', is well defined on Vn{p) and 



< j < n. 



limsup —#{1 < j < n;x E 'Lj{a, 5, /)} > 



(22) 




<pdist(r(x),r(i/)) 



for ii-almost every x and y G Vnip). 
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Remark 5.6. We use the connectivity (indeed, local connectivity is enough) only in the 
proof of Lemma \5.12\ ( the local connectivity is necessary to apply Proposition \2.8i where 
A = {Br{x)}). This Lemma assures the existence o/ nested sets containing a given point 
X G X. Thus, to obtain all the results of SectionslE, and\^ we can remove the additional 
hypotheses above if the existence of sets like {Br{x)y can be ensured in another way. 

Lemma 5.7. The zooming times have the following properties. 

(1) IfpE Z,(«, 5, f) then f\p) e Z,_,(«, 5, f) for all < i < j . 

(2) IfpE Zj{a, S, f) and f^{p) E Z(,{a, S, f) then p E "Lj+iifiL, 5, f). 

(3) IfpE Zj^({a„}„,5, /) thenpE 5, /^). 

Proof. Follows easily from the properties of zooming times. □ 

It follows from Lemma [5171 that if x G Zfcm+j({a„}„, 5, /), with < j < /c, then f\x) E 
Zfcm({an}n,5, /) C Z^ ({afc„}„, 5, /^) . Thus, 

fc-i 

limsupZm({a„}„,5, /) C |J /"^ ( limsup Zfcm({a„}„, 5, /)) C 

m . „ m 

k-l 

C |Jr^(limsupZ„(K4„,5,/'=)). (23) 

3=0 

Let Z be the set of all points of X with positive frequency of ({anjn, 5)-zooming times, 
that is, ([22D holds. 

Notation 5.8. Denote by £z = {£z,„)n o,s the collection of all {a,S)-zooming pre-balls, 
where Ez,n = {Vn{x) ; x E Z„(a,5, /)} is the collection of all {a,6)-zooming pre-balls of 
order n. 

One can check easily that the collection of all (a, (5)-zooming pre-balls is a dynamically 
closed family of pre-images as defined in Section [21 

Given x E X and < r < 5 let {Br{x)Y be the set defined by (jl]). If a; G {Br{x)Y , 
it follows from Proposition 12.81 (taking A = {Br{x)}) that the connected component of 
{Br{x)Y which contains x is an f^^-nested set. 

Definition 5.9 (Zooming nested balls). If x E {Br{x))* , define the (a, 5)-zooming nested 
ball (with respect to /) of radius r and center on x, denoted by B*{x), as the connected 
component of {Br{x)Y which contains x. 

Note that, as we have contraction in any zooming time, Br{x) cannot be contained in 
any zooming pre-image (with order bigger than zero) of itself. So ^ = {Br{x)}, in the 
definition above, is indeed a collection of open sets as desired on Section 12.11 

Remark 5.10. As two distinct Sz-pre-images of the same set cannot intersect (Remark \2.1\) . 
the order of the elements of a chain are strictly increasing. That is, if [Pq, Pn) is a chain 
of Sz-pre-images of Bj.{x) then < ord(Po) < ord(Pi) < ■ ■ • < ord(P„). 

Definition 5.11 (Backward separated map). We say that f is backward separated if 

inf I dist (^x, y f-^{x) \ {x}^ ;a;Gx|>0Vr2>L (24) 

For instance, every continuous map / with bounded number of pre-images (sup{#/^^(x) 
; X E X} < +oo) is backward separated. 
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Lemma 5.12 (Existence of zooming nested balls). If for some < r < 6/2 we have 
J2n>i ^n{r) < r/4: then the zooming nested ball B*{x) is well defined and B*{x) D Bj./2{,x), 
Vx G X. Furthermore, if f is backward separated and sup^^Q ( ^„>i «n('")/''^) < +oo then 
there exists < ro < 5/2 such that given < 7 < 1 one can find < < ro, depending 
only on 5, a and 7, such that B*{x) D B^r{x) Vx G X and VO < r < r^. 

Proof. If Ylmyi^nir) < r/4, < r < 5/2, as the order of the elements of a chain of 
A = {Br{x)}, < r < 6, are strictly increasing (Remark IS.lOp . the diameter of any 
chain is smaller than diameter(i?r(x))) < r/2. Thus, using Corollary I2.9[ we get 

B*{x) D Br/2{x). 

Let suppose now that / is backward separated and sup^^g ( Sn>i ^"(^)/''^) ^ +00. 
Given < 7 < 1, let G N be such that Z]n>no""(^) < (1 ~ 7)'^/2- Let £ > be 
such that infj^ dist(a;, /"•'(x) \ {x}) > e Wx G X, = imin{£:,5} and < r < r^. 
Note that if j < no then 5^(x) n P = VP G Szj (because P n ( UJ=i /"^(a^)) ^ 
and diameter (P) < r < £:/2). Thus, every chain of f^^-pre-images of Br{x) begins with a 
pre-image of order bigger than no- By Remark 15.101 the diameter of any chain is smaller 
than ^^^^^ a„( diameter (Pf. (2;))) < (1 ~ 7)^ and, as a chain intersects the boundary of 
Br{x), we can conclude that a chain cannot intersect B^r{x)- So, (P,.(x))*, and also P*(x), 
contains B^r{x). 

□ 

Notation 5.13. Given any sequence of sets {Un}n, denote by limsup„ ?7„ the set of points 
that belong to infinitely many elements of this sequence, i.e., 

limsup„t/„ = Pi y L^^. 

n>l j>n 

Using the notation above, /-non-singular finite measure /i is weak zooming if fi{X \ 
limsup Zm(a, 5, /)) =0 (see Definition 15 ■4p . 

If X G X has a zooming time, we can define the first zooming time of x as minjn ; x G 
Zn{a,6, f)}. It is easy to show that, if /i is a finite /-non-singular measure and the first 
zooming time is well defined for /i-almost everywhere, then /i is a weak zooming measure. 
That is, 

00 

/i(X\|JZ,(«,5,/)) =0 =^ M^\limsupZ^(a,5,/)) = 0. 

i=i 

Notation 5.14 (The zooming images set). Denote the collection of zooming images of f 
by d = idix))x&hmsnpz^{a,sj)> whcrc }{x) = {/""(x) ; 771 eN andx e Z^(a,5, /)} is the set 
of zooming images of x by f . 

It is easy to see that if x G Zm,(a, 6, f) then f"^~^{x) G Zm-j(a, 5, /), VO < j < m. Thus, 
using this information and Lemma [STTl one can prove that 3 is an asymptotically invariant 
collection. Indeed, if x G Z and ttiq is the first zooming time for x then {/""(x) ;m > 2 
and X G Z^(a,(5, /)} = {/™(/(x)) ;m > max{mo - 1, 1} and /(x) G Zm(a,(5,/)}. 

In the lemma below, let /x be a weak (a, 5)-zooming measure with bounded distortion 
(see Definition 15.51) . where a = {a^jn- 

Lemma 5.15. Suppose that for some < tq < S/2 and p G X the {a,6)-zooming nested 
open ball B*^{p) is well defined and contains Brg/2{p)- If U (Z X is positively invariant, 
li{U) > andij{{x G U ; Bro/2{p)f^oo^{x) ^ 0}) > then ij{Bro/2{p)nU) = /i(P^o/2(p)) > 0. 
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Proof. Let p > be the distortion constant that appear in Definition 15.51 and let K G {x ^ 
U ; Broip) ^ ^ii.^) 7^ 0} be a compact set with positive /i measure. 

Given £ > choose an open neighborhood V ^ K oi K such that niV \K) < fi{K)/£. 
Choose for each x E K a zooming time n{x) such that Vn{x){x) C V and f^^^\x) G -8^0/2 (p)- 
As Vn(x)ix) is mapped diffeomorphically by /"^^^^ onto Bs{f^''^\x)) and Bs{f'^''^\x)) D 
B*^{p) (because tq < 5/2), set, for each x E K, 

By compactness K C W{xi) U ... U W{xs) for some Xi, E K. As B*^{p) is a nested 

set, we can assume that W{xj) fl iy(a;j) = whenever j 7^ i. Thus, at least for one 

J we have i^{W{xj) \ K) < ij{W{xj))/£. Otherwise, fi{V \ K) > /i((Ui W{xj)) \ = 

Y.. ^i{W{xj)\K) > ij{W{xj))/e = fiilj. W{xj))/£ > ij{K)/£. Therefore, for each £ G N 
we can find some pre-ball Wi which is sent by some iterate /"'^ of / diffeomorphically onto 
Br^ip) and with the distortion bounded by p. Furthermore, piWi \K) < jj,{Wii)/£ W i. By 
the bounded distortion we get 

p{B:^{p) \ U) ^ p{B:^{p) \ n{K)) ^ p{W,\K) p 
As B*^{p) D Bro/2{p), we conclude the proof. 

□ 

Corollary 5.16. If p is a weak zooming measure with compact support and bounded dis- 
tortion, then there is e > such that every positively invariant set has either p-measure 
bigger than e or equal to zero. 

Proof. Let p he a. weak (a, 5)-zooming measure with compact support and bounded dis- 
tortion, where a = {a„}„. Let f/ be a positively invariant set with p{U) > 0. 

First, assume that X]n>i'^n(^o) < ''^o/4 for some < rg < S/2. It follows from 
Lemma 15.121 that for every p E X the (a, 5)-zooming nested open ball B*^_^{r) is well 
defined and contains 5^0/2 (p)- Let p be any point on the support of p such that p{{x E 
U ; ujf^^{x) n BrQ/2{p) 7^ 0}) > (of course at least one of such point exist). It follows from 
Lemma [5.151 that p{U) > p{Bro/2{p) nU) = p{Bro/2{p)) > 0. Let e := mf{p{Brg/2{x)) ; 
X E supp p}. It is easy to see that e > 0, e does not depend on U and p{U) > e > 0. 
In the general case, let = | and f = f^ , where > 1 is such that X]n>i '^fcn('"o) < ^• 
By ( l23l) . there is < j < /c such that //(/^-^ ( limsup^ Zm({aA;n}n, 5, Z'^)) n [/) > and, 
as po f~^ <^ p and f{U) C U, we get 

Ai(limsupZ^({afc„}„,5,/^) nf/) > 0. (25) 

m 

Taking p = /i|iimsup^ z^({afc„}„,5,/'=), it is easy to see that p is a weak ({5„}„, 5)-zooming 
measure with respect to /, where a„ = a^n- Moreover p has compact support, bounded 
distortion and X]n>i S„(ro)/ro < 1/4. As f{U) C U and, by (!25l) . p{U) > 0, we can apply 
the particular case and get e > 0, not depending on U, such that p{U) > p{U) > e. □ 

As a consequence of Proposition 13.51 Proposition 13.121 Corollary 15.161 and Lemma 13.91 
we have the following result. 

Theorem 2. If p is a weak zooming measure with bounded distortion then X can be par- 
titioned into a finite collection of p-ergodic components. Inside each p-ergodic component 
U there exists a fat attractor A (i.e, p{A) > 0/ such that ujf{x) = A for p-almost every 
point x E U. 
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Furthermore, there is a compact set G A such that ujf^^{x) = A^ for fi-almost every 
point X E U and, if ^ is a zooming measure, there is a compact set A^^^ C A^ such that 
^+J,i{^) ~ f^^ ^-almost every point x G f/. 

6. Constructing a local inducing Markov map 

Section [6] and [7] are the kernel of this paper. Most of the results for zooming sets and 
measures are proved in these sections, and from them we will obtain their analogues for 
expanding sets and measures. The existence of an invariant measure z/<^/i that is absolutely 
continuous with respect to a given zooming measure with some distortion control is given 
by Theorem [Dl In Theorem [E] we prove the existence of Markov structures for zooming 
sets. The existence of global induced Markov maps for zooming sets is given in Section [7] 
by Theorem [Fl Note that our approach to construct induced Markov map for dynamics 
with some hyperbolic behavior has to be very different from the one of Alves, Luzzatto, 
Pinheiro [HIE], Gouezel p5], Pinheiro [50] and Young [67]. That is because this construction 
in those papers depends in an essential way on the good relation between the diameter 
and the volume (Lebesgue measure) of balls and this is not true for general zooming (or 
expanding) measures. 

Let X, /, 5, a = {a^jn and 3 = (3(a;))xGiimsupZ„{aA/) be as in Section O Let 

A C lim sup Z„(q;, 5, f) d X 

n— »oo 

be a positively invariant set. 

Let A be a {a,S)-zooming nested open ball, that is, A is a topological open ball and 
also a (a, (5) -zooming nested set. Assume also that diameter(A) < 6/2. For exam- 
ple, if J2n>i^n{i^) ^ ^/^ f*^^ some < r < 5/4 (or if / is backward separated and 
supr>o a„(r)/r < +00) we can take A as any zooming nested ball B*{q) given by 
Lemma I5.12[ 

It is sometimes useful not to use all the zooming times but a sub-collection of them in 
the construction of the induced Markov map (for instance, this is necessary in the proof of 
item (4) of Theorem lUj) . This motivates the definitions below. 

For each x E A consider a set ^{x) C 3(3;). We say that n is a 3-time for x if /"(x) G ^{x). 
A zooming pre-ball Vn{x) is called a J-pre-ball if n is a 3-time for x. Let Sz C Sz be the 
collection of all J-pre-balls Vn{x) for all x G A and all 3^time for x. 

Definition 6.1. We say that^ = (J{x))^^^ is a proper zooming sub-collection if 

(1) ^ is asymptotically invariant; 

(2) 1{x) C 3(x) for all x G A; 

(3) 1 has positive frequency whenever 3 has positive frequency; 

(4) is a dynamically closed family of pre-images. 

The zooming collection itself is an example of a proper zooming sub-collection. Another 
example of proper zooming sub-collection that we are interested in is the following. Fixed 
£ > 1, set / = and a = where 5„ = ain- For instance, denote the collection 

of (a, 5)-zooming images of / by 3^ = (3^(x))a:eiimsup„z„(a,5,/) and the collection of (a,6)- 
zooming images of / by 3^ = {^~{x)) 

a;Giimsup„ z„{5<5,/)' follows from Lemma |5/7| that 
limsup„ Z£„(a(5, /) C limsup„ Z„(5, 5, /). Thus, taking ^-.(x) = {/"(x) ; /^"(x) G 3^(x)}, 
the collection 3' = 3 j = (3-(x))a;eiimsup„ z<„{a,5,/) is a proper (5, 5) -zooming sub- collect ion 
for the map /. This sub-collection will be necessary in the proof of item ([312) of Teorem [F] 
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Figure 5. A = B*{x) 



(and, as a consequence, item ^ of Theorem [C]) to acquire more contraction on the pre- 
balls (changing a for 5 and / for /) maintaining the distortion control even for each iterate 
of the original map. We emphasize that for all the other results we do not really need to 
work with a sub-collection. ^ 

Now, let ^ = be a proper zooming sub-collection and let £z C £z be the 

collection of all 3-pre-balls. Given x E A, let Q{x) be the collection of f^^-pre-images V of 
A such that x E V. 

The set Q{x) is not empty for every x E A that has a 3-return to A. Indeed, if x G A 
and r{x) E A n 3(x) then Bs{P{x)) = r{Vn{x)) D A (because diameter(A) < S/2). 
Thus, for each 3-return time of a point a; G A we can associated the £^2-pre-image P = 
(r|y„(,))-i(A) of A with a: G p. 

Definition 6.2. The inducing time on A associated to "the first ^^-return time to A" is 

the function R : A ^ N given by 



R{x) 



min{ord(V) ; V E Q{x)} if Vl{x) ^ 
if n{x) = 



(26) 



Note that R{x) is smaller than or equal to the first 3-return time to A, i.e., R{x) < 
mm{n > 1 ; /''(x) G ^{x) H A}. 

Definition 6.3. The induced map F on A associated to "the first Sz-Tetmn time to A" 
is the map F : A ^ A given by 



Fix) 



X] 



Wx E A. 



(27) 



As the collection of sets Q{x) is totally ordered by inclusion, it follows from Corollary 12. 61 
that there is a unique I{x) E Q{x) such that ord(/(x)) = R{x), whenever Q{x) 7^ 0. 

Lemma 6.4. Ifn{x) 7^ 7^ ^iv) then either I{x) fl I{y) = % or I{x) = I{y). 

Proof. We claim that, if Vl{x) ^ 0, I{x) D V G Vl{x). Indeed, if I{x) ^ V with 
V E VL{x), as ord(J(a;)) < ord(\^), it follows from Corollary 12.61 that A is contained in an 
^^-pre-image of itself of order bigger than zero. But this is impossible because we have 
contraction in the zooming times, i.e., the diameter of an £^^-pre-image of A has diameter 
smaller than the diameter of A. 
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Let x,y & X with Q{x) 7^ 7^ ^{y)- As I{x) and I{y) are i^^-pre-images of A, if 
I{x) n I{y) ^ then I{x) D I{y) or I{x) C I{y). Thus, /(x) n /(y) ^ imphes that 
/(x) G ^^(y) or /(y) G Q{x). In any case, by uniqueness, I{x) = I{y)- □ 

Definition 6.5. The Markov partition associated to "the first f^^-return time to A" is the 
collection of open sets V given by 

V = {/(x) ;x eA and n{x) ^ 0}. (28) 

The Corollary below shows that V is indeed a Markov partition of open sets. 

Corollary 6.6 (Existence of a full induced Markov map for a zooming set). Let F be given 
by R given by (d^j and V by If V ^ ^ then (F,P) is an induced full Markov 

map for f on A. 

Proof. By construction the elements of V are open sets. By Lemma 16. 4^ V satisfies the 
first condition of a Markov partition for F. As F{P) = A ^ Q \/ P^Q E V , V also 
satisfies the second and third conditions of a Markov partition. On the other hand, as 
F\p = /°''<^(^)|p and P is a £^^-pre-image of order n = ord(P), there is a zooming pre 
ball Vn{x), X G Z„(a,5, /), containing P and F\p can be extended to a homeomorphism 
between P and A (because f"'\ v„(x) ^ homeomorphism). Given x G nn>o ( Upep ^) ' 
set Pj = V{F^{x)). As diameter (P„(x)) = diameter(F|p^^ o F\pl o ••■ o F|p](A)) < 
fl^^j^ a^^^j.^ J (diameter (A)) < ^^^^^^ (diameter (A)) 0, we conclude that P is a 

Markov partition for F. Finally,' as {R > 0} = Upsp ^ and F{P) = A VP G P, it 
follows that the Markov map (P, V) is indeed an induced full Markov map. □ 

Let /i be a (a, 5)-weak zooming measure with fi{X \ A) = and let U C X be an /i 
ergodic component. Let A be the attractor associated to U and C A the compact set 
such that ujf^{x) = Aj for /i-almost every point x G t/ (given by Proposition 13.51 and by 
Lemma 13.91 applied to lA = 3) . 

Lemma 6.7. Let {F,V) be as in Corollary \6.6[ and suppose that A fl 7^ 0. Then {F,V) 
is an induced full Markov map defined on A and it is compatible with ^\u. 

Proof. Let p G A fl Aj. As p G ujf;^{x) for /i almost every x G f/, we get ^\u{U \ 
U„>o /""(A)) = 0. Thus, as o f~^ < /x|c7, fi\u{A) > 0. 

By CorollaryES, we only need to show that fi\u{A\[jp^^ P) = /i((A\Upgp P)nU) = 0. 
As p G ujfj{x) for /i almost every x G t/, it follows that Q{x) 7^ for /x almost every x G A. 
Thus, fi\u{{R = 0}) = fi\u{A \ Upe^ P) = 0. □ 

Theorem 3. Suppose that for some < tq < 6/2 and every x the {a,6)-zooming nested 
open ball B*^{x) is well defined and contains 5^0/2(3^)- Let A C limsup„ Z(a, 5, /) be a 
positively invariant set and^ = (j{x))xeA proper {a,6)-zooming sub- collection. Let fi be 
a {a, 6) -weak zooming probability with bounded distortion and //(A) = 1. Let U G X an 
ergodic component for /i and Aj be the compact set such that ujf^{x) = Aj for ^-almost 
every point x G f/ (given by Theorem\^. Let A be a {a., 5) -zooming nested open ball with 
diameter (A) < ro/2 and such that A fl 7^ 0. 

// (P, V) is the induced Markov map associated to "the first i^^-return time to A " ( as in 
Corollary \6.b]] then {F,V) is an induced full Markov map with ^-bounded distortion. Fur- 
thermore, there exists u <ti fi an ergodic F -invariant probability withlogj^ G L°°(//||d^^Q|) 

and u^A) = 1. 
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Proof. Let us show that, as /i has bounded distortion, fi\i/{A) = /i(A). To prove this, let 
p e An Ay By Lemma fi{Bro/2{p) C] U) = fx{Bro/2ip))- As diameter(A) < ro/2, 
A c Br,/2ip). So, fi\u{A) = /i(A). 

As fj,\u{A) = /i(A), Lemma [62] imphes that (F, V) is an induced full Markov map defined 
on A compatible with /i. 



Finally, as 



log 



< pdist{F{x),F{y)), Vx,?/ G P and VP G V (because P is 



contained in a zooming pre-ball of order R{P) and /i has bounded distortion at the zooming 
times), we obtain that {F,V) has /i-bounded distortion. 

Applying Proposition 14.41 we obtain a P-invariant ergodic probability u <^ fi with 
log^ G L°°(yu||A.^Q|) and, of course, z/(A) = 1. □ 

Given > and n G N, let Zn{(y, S, 9, f) be the set of points x G X such that #{1 < 
j < n ] X E 'Z^jiot-, ^, /)} > ^'^^ Thus, the set of points of X with infinitely many moments 
with ^-frequency of (a, 5)-zooming times (with respect to /) is 

+ 00 

limsup Zn{a, f^, ^, /) = H U ^ri{oi, 5, 9, /). 

j=l n>j 

If /i is a (a, 5)-zooming measure with bounded distortion, X can be decomposed in 
a finite collection of {[/i, t/^} of /x-ergodic components (Theorem [2]). By ergodicity, 
3 0j > such that 

limsup —#{1 < j < n; x E Tijia, 6, /)} > 9i 
n 

for /i almost every x E Ui Vi. Furthermore, if J = (3^(a;))xeA is a proper zooming sub- 
collection and /i(X \ A) = 0, there are also 9i, - ■ ■ ,9s > such that 

limsup —#{1 < j < n; j is a 'j-time to x} > 9i 

n 

for /i almost every x E Ui and all 1 < i < s. Thus, we get the following remark. 

Remark 6.8. Let A be a zooming set and 3 = (j{x))x&a 0, proper zooming suh- collection. 
Let p he a zooming measure with fi{X \ A) = 0. If fi has bounded distortion or, more in 
general, has a finite number of ergodic components then 3 > such that 

lim sup < n; is a 'i-time to x} > 9 

n 

for fi almost every x E X. In particular, for every zooming measure fi with bounded 
distortion ( or having a finite number of ergodic components ) there is 9 > such that 

fi[X \ limsup Zm{a, S, 9, f)) = 0. 

m 

Theorem 4. Suppose that for some < vq < 6/2 and every x the {a,S)-zooming nested 
open ball B*^{x) is well defined and contains Pro/2 (a;)- Let A C X be a {a, 6) -zooming set 
and n an ergodic f -invariant zooming probability with /x(A) = 1. Let^ = (2{x))x£A be a 
proper {a,6)-zooming sub- collection and A^^ the compact set such that uj^j^{x) = 
for fi-almost every point x E X (given by Lemma \3. y\ applied to U = '}). Let A be a 
(a, 5) -zooming nested open ball with diameter (A) < ro/2 and such that A fl A^^ 7^ 0. 

// R is "the first f^^-return time to A " and (P, V) is the induced Markov map associated 
to R (as in Corollaru \6.6\) then (P, P) is a full induced Markov map compatible with /i and 
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there exists a F -invariant finite measure u <^ (indeed, i^^Y) < fJ^{Y) for every Borel set 
y C such that J Rdv < +00 and 

^ +00 

-J2f'M{R>j})^ 

where 7 = T.t=o f i(^\{R>j})(^) ■ 

Proof. Let be the compact set (given by Lemma 13. 9p such that ujf^{x) = Aj for /i- 
almost every x & X. As ^+,7 C Aj, we have A n 7^ 0. Thus, it follows from Lemma [6.71 
that (F, V) is an induced full Markov map defined on A and compatible with n (see 
Definition iJ]). 

Let *B = {x G A;F-'(a;) G Upep -^5 — 0}- Because ix is /-invariant (in particular, 
/-non-singular), we get A = !B (mod yu). As A fl 7^ and is /-ergodic, there is 
6 > such that 

limsup -#{1 < j < n; X e Gj and f\x) G A} > 6 
?i— >oo ri 

for /i almost every x G A, where Gj = {x G A ; j is a 3-time to x}. Thus, taking B = A, 
g = R and applying the first part of Lemma 14.71 to / we get 

1 ^ 

limsup > 0; ^/?oF'^(x) < n} > (29) 

fc=0 

for fi almost every x G A. Because 

j 

{j > ; 5^ i? o F^(x) <n} = {0<j<n- f (x) G 0+(x)}, 

fc=0 

it follows form (1291) and Theorem [T] that there exists a non trivial F-invariant measure such 
that i^(Y) < fi(Y) for every Borel set F C A (in particular, v <^ ii) with / Rdv < +00. 
Thus, ?7 = X]j=o f i{^\{R>3}) is a /-invariant finite measure (see Remark [4.3p . Note that, 
if r^{Y) > for some Borel set y C X then //(/"•'(F)) > for some j > and, as z/ -C /i, 
fi(Y) = fi{f~^(Y)) > 0. Thus, rj <^ fl. As /i is /-ergodic probability, we get 

1 ^ +OC 

□ 

Lemma 6.9. For every k > 1, 

k~l 

limsupZ„({a„}„,(5,6', /) C |J /"^ ( limsup Zfem({a„}„, 5, 6*/^, /)) C 

A;-l 

C y /-■'■(lim sup Z^({afc„}„, 5, ^/A;, /'=)). 
,=0 

Proof. Let /c > 1. For each x G limsup^ Zm({an}n, f^, /) and < i < k, set Nx{i) = {kj + i 
; j G N and x G Zfcj+j({a„}„, 5, /)}. So, x G Z„({a„}„, 5, f) ^ m e {J^Iq N^ii). Note also 
that N^(j) n N^(2) = 0, whenever i ^ j. 

So, for each x G limsup Zm({a;„}„, 5, 6^, /) C limsup Zm({«„}„, 5, /) one can choose 
i{x) G {0, k-l} such that limsup^ ^#{1 < J < ; J ^ Nx.(£(x))} > 6*/^. Otherwise, 



EXPANDING MEASURES 



31 



limsup^^#{l < j < m ] X e Zj({a„}„, 5, /)} < 9, contradicting x e limsup Zm({a„}„, 
6,9, f). As J e N^{i{x)) ^ X e Z^fc+^(^) ({«„}„, 5,/) ^ e Zjfc({a„}„,(5,/), it 

follows from Lemma [5.71 that 



Therefore, 



limsup-#{l < J <m;f^'^\x) G Z,,(K}„, 5, /)} > 
> limsup -#{1 < J < m ; /("^(x) G Z,({afc4„, 5, f)} > 9/k. 

m 1^ 



As a consequence, if a; G limsup^ Z„({a„}„, 5, /) then G limsup^ Z^({afcn}n, 

with < < fc. □ 



Corollary 6.10. Let ^ he a f-ergodic {a, 6) -zooming measure (not necessarily invariant). 
For each k > there is a positively invariant set E d X with fi positive measure and such 
that -p^^f^lis on ({afcn}, 6)-zooming ergodic probability with respect to f^. Furthermore, if 
H is f -invariant then E is a ^-ergodic component with respect to f^, ^7(^/^U ^■^ f ^-invariant 
and ^1 = {Yl%lf\)^^\E■ 

Proof. It follows from Remark [63] that 3 6* > such that /i(X\limsup„ Zn{ci, 5, 9, /)) = 0. 
By Lemma ESI there is < j < /c such that ij{f~^{Z)) > 0, where Z = limsup„Z„( 
{ttfcn}, 6, 9/k, f'^y As /i is /-non-singular (by the definition of zooming measure), we get 
> 0. 

Because /i has at most k ergodic components with respect to (Lemma I3.13p . there 
is one of these ergodic components Eq C X such that /i(-Eo H Z) > 0. Set E = Eq n Z. 
As Z D f^{Z) and f''~\Eo) = Eq, we have f'iE) C E C Eq. Because is f"- 
ergodic and /'^-non-singular, it follows from Lemma 13.101 that j^IJ'Ie = J[(e)(i^\eo)\e is a 
probability /'^-non-singular and /'^-ergodic. Of course -p^fi\j^{Z) = 1 and so, ^7(^/^1^ is 

an ({afcn}, ^)-zooming ergodic probability with respect to f^. 

Suppose now that /i is /-invariant. In this E C f~^{E), it follows that E = 

f~^{E) (mod fi). Thus, changing E by f]^^^ f~^''{E), it follows that is a /z-ergodic 
component with respect to f^. So, it is easy to conclude that is /'^-invariant and 



Theorem D (Existence of invariant zooming measures) . If fi is a zooming measure with 
bounded distortion then there exists a finite collection of ergodic f -invariant probabilities 
absolutely continuous with respect to fi such that fi- almost every point in X belongs to the 
basin of one of these probabilities. 

Proof of Theorem [D]. By Theorem [21 X can be partitioned in a finite collection of fi- 
ergodic components with respect to /. Let U be one of these ergodic components. Choose 
any < tq < 6/2 and let k > 1 be such that ^n=i'^kn{r) < r/4 for r = ro/4 and for 
r = tq. 

By Lemma I3.13[ U can be decomposed into a finite collection of disjoint ergodic com- 
ponents with respect to f''. As U is invariant (in particular, f{U) C U), it follows from 
Lemma [3.101 that is /-non-singular. Thus, fi\^ is an ergodic (a, (5)-zooming measure. 
From Corollary [Hiini there is E <Z U C X, with f{E) C E and n\^{E) > 0, such that 
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~ 'JI(e)^^\e — 'JI\^JE)^^^\u)\E is a (a, 5)-zoommg ergodic probability with respect to f = f^, 
where 5 = {a^nln- 

Denote the set of (5, 5) -zooming images of / by 3^ = (j{x))xeA, where '^{x) = {/"(x) ; 
n E N and x G Z„(5, 5, /)} is the set of (5, 5)-zooming images of x by / and A = 
hmsupZ„(5, (5, /). 

By Theorem [21 there exists a fat attractor A (with respect to /) such that (jJj{x) = A 
for yU-almost every point x E X. Moreover, there are compact sets A_^^,A'^ C A, with 
y4_^ 3 C Aj, such that ^^j^ix) = Aj and uj_^_ jj{,x) = A^^ for /I-almost every point x E X. 

Let r = ro/4 and choose any point q G As A^^ C Aj, we get B*{q) fl A j D 

n A^ j 7^ 0, where is the (5, 5)-zooming nested ball with respect to /, radius 

r and center on q (see Definition 15.91 and Lemma [5. 121) . 

Taking A = B*{q) and S as the collection of all (5, 5)-zooming pre-balls with respect 
to / (see Notation I5.8I) . let R be the first £^-return time to A (with respect to /) given by 
([26]), let F = be induced map associated to R and let V be the Markov partition given 

Applying Theorem[3]to f, a, A = B*.{q) (note that diameter(A) = ro/2), {F,V) and /i, 
we obtain a F-invariant measure u <^ Jl. To prove the existence of a /-invariant ergodic 
probability rj <^ Jl we need only to show that the induced time R is u integrable (see 
Proposition 14.41) . 

Let 05 = {x G B*{q);F^{x) G UpeP^Vj > 0}. Note that Ji{B*{q) \ <B) = u{B^{q) \ 
^) = 0. Let B be the set of x G 03 such that limsup„ ^#{1 < j < "n. ; x G Zj(5, 6, /) and 
P(x) G 5} > 0. As B^^iq) n A^j ^ iy{B \ 03) = J1{B \ 03) = 0. 

Taking Gj = 'Zij{a, 6, f), g = R and T = F, it follows from Lemma [4.71 that 

^ n— 1 

liminf — > i? o FHx) < +00 
i=o 

for every x E B. By Birkhoff's Ergodic Theorem, J Rdv = lim„ ^ ^"~g i? o F^{x) for 
i/-almost every x E B. Thus, / Rdu < +00. As a consequence, the projection rj = 
Xlpep Xlfio ^ ^ //('^Ip) is a /I absolutely continuous /-invariant finite measure. 

Taking t] = ^ X]j=o f*V^ it is easy to see that r] is /-invariant finite measure and r] fi. 
So, to finish the proof of the theorem we only need to verify that U belongs to the basin 
of rj. 

By Birkhoff's Theorem, rj{B{vi) flf/) = rj{B{vi)) > and, as r/ -C yU, we get fi{B{ri) nU) > 
0. As B{ri) is a / invariant set and f/ is a /i ergodic component with respect to /, we 
conclude that U = Bijj) (mod /i). 

□ 

Before we begin the proof of Theorem [E] which gives the existence of a Markov structure 
for a zooming set, we want to emphasize a difference between the proof of Theorem [Dl and 
proof of Theorem [El 

In both proofs we begin with a reference measure and we need to show the existence 
of an induced invariant measure -C /i and also the v integrability of the inducing time R. 
In the hypothesis of Theorem [Dl we have a zooming measure /i with bounded distortion, 
but we do not know if /z is invariant. On the other hand, in Theorem [El we want to 
study zooming measures for which we do not know anything about distortion, but we 
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know that they are invariant measures. In the proof of Theorem [D] the existence of v is 
given by Proposition 14.41 (this proposition is used to prove Theorem [3]) and in the proof of 
Theorem [E] the existence of v is assured by Theorem [1] (this theorem is central in the proof 
of Theorem HI). In both case, the estimate to get the integrability of the inducing time is 
given by Lemma [4.71 (this lemma appears in the proof of Theorem [3] and Hj) . 

Theorem E (Markov Structure for the zooming set). Every zooming set A admits a 
finite Markov structure ^ = {(Fi, Pi), (F,, P^)}. Furthermore, each {Fi,Vi) & is a 
full Markov map defined on some topological open hall Ui (also the elements of Vi are 
topological open balls). 

Proof of Theorem [E]. If / is backward separated and sup^>g J2n>i ^nij')!^ < oo, choose 
any < r < ^ro, where is given by Lemma [5.12^ and set mo = 1. Otherwise, choose 
< ro < 5/2, set r = ro/4 and let mo be an integer big enough such that X]n>i Q^m.on(r) < 
r/4 for r = ro and r = r. Set also / = /'"o, 9 = O/m^, aj = dm^j and 5 = {oj jj. 
Let J be the proper zooming sub-collection for / given by 3^ = (j{x))^^^, where 

^{x) = {/"(x) ;n G N and a; G Z„,„(a,5, /)} 

and 

A = A n limsup Zmon(«, 5, f) C A fl limsup Z„(5, 6, /). 

n— >oo n—*oo 

One can easily check that ^ is indeed a proper (5, 5)-zooming collection with respect to / 
(see comments just below Definition 16.11) . 

As X is compact, one can find qi, q2, ■■■,qs G X such that {B*{qi), B*{qs)} is a finite 
cover of X by (5, 5)-zooming nested balls, with respect to /. 

For each 1 < j < s, let Fj : B*{qj) — > B*{qj) be the induced map (with respect to /) 
on B*{qj) associated to "the first S -return time to B*{qj)" given by ([57]), where £ is the 
collection of all 3^pre-balls Vn{x, /) (with respect to /) such that a; G A and n > 1 is a 
3'-time (with respect to /) for x. Note that Vn{x, f) is a (5, (5)-zooming pre-ball of order n 
with respect to / and also a (a, (5)-zooming pre-ball of order mgn with respect to / 

Let Rj be the inducing time of Fj (with respect to / ) and let Vj be the Markov partition 
associated to "the first £-return time to B*{qj)" (see (l28l) ). 

Set, for every x G B*{qj), Fj{x) = /''"o'Rj(^)(x). As / = f^o , it is easy to see that {Fj,Vj) 
is also an induced full Markov map with respect to / with inducing time Rj = m^Rj. Of 
course, as it is a Markov map, {Fj,Vj) = {Fj,Vj). 

Remark 6.11. Note that ^ = {{Fi,Vi), {Fs,Vs)} is a finite collection of induced full 
Markov maps for f and satisfies the following additional properties. 

(1) Each Fj is defined on a topological open hall. Indeed, each Fj is defined on a (5, 5)- 
zooming nested ball with respect to f . 

(2) For every 1 < J < s, each P G Vj is a topological open ball. Furthermore, setting 
n = Rj\p, we get P C Vn{x, f) for some x G PflZm^ n(tt5 /) H A, where K„(x, /) is 
a (a, S)-zooming pre-ball of order mo n with respect to f (and also a (5, 6)-zooming 
pre-ball of order n with respect to f ). 

Thus, to finish the proof we only need to show that 5^ is a Markov structure for A. 
Let /i be an ergodic /-invariant probability such that /i(A) > 0. By ergodicity, yu(A) = 1 
(we are also using that A is positively invariant and /i is invariant). As /z is /-non-singular 
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(because /i is /-invariant) and A is a {a, 5)-zooming set, it follows that /i is a [a, 5)-zooming 
measure. 

It follows from Corollary 16.101 that there is a /x-ergodic component U <Z X with respect 
to / such that Ji = jj^j^f^lu is a (5, 5)-zooming ergodic invariant probability with respect 

to / and /i = (EjlV^ f\)f^\u- 

By Proposition 13.51 there exists a /-attractor A G X which attracts /I-almost every 
point of X and such that ujj{x) = A for /I-almost every x G X (indeed, as /I is /-invariant, 
A = supp/x). By Lemma [331 there are compact sets A^^ and A-^, with A^^ C A-^ C A, 
such that i^jj(a^) = Aj and u Jji^) — ^+,1 ^'^^ yU-almost every x E X (see Definition 13.71 
andE^. 

Let 1 < Jo < s be such that B*{qjJnA^~^ ^ 0. It follows from TheoremHthat {Fj^,VjJ 

is an induced full Markov map (with respect to /) defined on B*{qj^) and compatible with 
Jl. As a consequence, {Fj^,Vj^) is an induced full Markov map with respect to / (defined on 

B*{qj^^) and compatible with Jl). Also by Theorem IH there exists a -invariant measure 
u <^J1 such that 

+00 



' j=0 



where7 = En/i(H|5„>,|)(X). 



It follows from the relation Rj = m„Rj that 

Jo Jo 

{Rj, > ^0 J + k} = {Rj^ > m, j}, (30) 

V < A; < m^, and Vj > 0. 
Setting 7 = ^/ fi{U), we get 

ttIq — 1 nig — 1 

k=0 k=0 
(TT\ ""o""^ 1 "^0""^ "^'^ 

= 4r(i: /'.)E/l(''i(s,>„) = i(E /'.)E/.'"°'M(H„/....>.i) = 

' A:=0 i=0 ^ fc=0 j=0 

rriQ - 1 +00 +oo'^0~l 



' fc=o 3=0 |32} ' i=o fc=o 



\^ <-"^0 I ^ _ \^ rm^j+k, I s 



7 



{i?j^>n}J, 



n=0 

finishing the proof of Theorem [El 

□ 

The Corollary 16.121 follows from the Remark 16. Ill 

Corollary 6.12. If ^ = {{Fi,Vi), {Fs,Vs)} is the induced Markov structure given by 
the Theorem [^ and, for each 1 < j < s, Rj is the induced time of Fj then ^ has the 
following additional properties. 

(1) There is some mo > 1 such that each Fj is defined on an {{amQn}n-,^)- zooming 
nested hall B* with respect to f"^° . 
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(2) Each P G Vj is a topological open ball, VI < j < s. Furthermore, there is a {a,6)- 
pre-hall Vn with respect to f, where n = Rj\p, such that P = {f"'\v„)"^{.'Pj) C Vn- 
In particular, 

dist{f{x),f{y))< ( J2 ak)dist{F,{x),F,{y)) Wx,yeP 

^ k>n~£ ' 



(3) If fi is an ergodic (not necessarily invariant) zooming measure with hounded distor- 
tion and n{B*) > then 3K > such that 

log 



j^p^^y^ <KdistiFjix),Fjiy)), 
for 11 almost every x,y E P , all P G Vj and 1 < j < s. 



7. A GLOBAL INDUGED MARKOV MAP 

In [S], Alves Luzzatto and Pinheiro study the decay of correlations of non-uniformly 
expanding maps using a local induced Markov map. Using a global induced map, Gouezel 
[35] could improve the results of [5] to deal with decay faster then super-polynomially. The 
advantage of a global induced map is the possibility of dominating the induced time by the 
first hyperbolic time. In this section we construct a global induced map (adapted to any 
zooming measure) with the induced time smaller or equal to the first zooming time with 
respect / or, when we do not have enough backward contraction, with respect to a fixed 
iterate of the original map. 

It was introduced in Section [2] the notion of an open set being nested and this notion 
can be extended straightforwardly to essentially open sets (definition in Section [1.1. 21) . For 
this, consider a connected, compact, separable metric space X. 

Definition 7.1 (Essentially open linked sets). We say that two essentially open sets Ui 
and U2 are linked if their interior are linked. 

Let f : X ^ X he a. measurable map and let S = {Sn)n be a dynamically closed family 
of pre-images. 

Exactly as we have done to open sets, we say that a collection of essentially open sets 
.4 is a S-nested collection if every A & Ais not linked with any £^-pre-image of an element 
of A with order bigger than zero. 

Note that a collection A = {Ai,...,As} of essentially open sets is £^-nested if and 
only if the collection int(^) := {int(y4i), . . . ,int(y4s)} is a £^-nested collection of sets as in 
Definition 12.41 As a consequence, we get the following remark. 

Remark 7.2. Lemma \2. 51 is also valid for collections of essentially open sets. That is, if 
A is an S-nested collection of essentially open sets and Pi and P2 are S-pre-images of two 
elements of A with ord(Pi) 7^ ord(P2) then Pi and P2 are not linked. 

Let 6 > and let a = {an}i<neN be a zooming contraction (Definition 15.11) . 

Theorem F (Global zooming induced Markov map). Given an {a, 6)-zooming set A G X 
there are an induced Markov map [F, V) defined on X with induced time R, a finite partition 
Vq of X by essentially open sets and an integer i > 1 satisfying the following properties. 

(1) For each Q & V there exists P G Pq such that int{Q) C P. 

(2) P(P) G Vq VP G V(in particular, the elements of P are essentially open sets). 



log- 



<pdist(F(x),F(y)), 
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(3) Given P eV there is a zooming pre-ball Vr(^p){x), x G Z^(p)(a, 5, /) fl A, such that 
yi?.(P)|^ ^ J fi particular, 

^1) dist(F(x),F(y)) > 8dist(x,y) \/ x,y e P and\/ P E V; 
^2) for allx,y e P, P eV andO <n < R{P), 

dist(r(x),r(l/)) < «,^^,_dist(F(x),F(|/)); 

^3) if fi is {a,6)-zooming measure (not necessarily invariant) with bounded distor- 
tion (with respect to f) and fi{X \ A) = then 3p > such that 

for fi almost every x,y E P and ^ P eV. 

(4) There is a good relationship between the tail of the partition and the tail of zooming 
times, i.e., 

n n 

{R>n}nAcA\\J Z,,{a, 5, /) C A \ |J Z,(5, 6, 
i=i i=i 

where a = 

(5) If is a f -invariant measure with /^(A) > then f~'H{R>o}) ^'^ invariant 

measure with respect to f^. 

(6) Every ergodic f -invariant zooming probability fi with /i(A) > is liftable to F. 

Proof of Theorem [F]. Choose < tq < 5/2 and set r = ro/4. Let C. be an integer big 
enough such that Yl%^i '^^j(r) <r/9>ioir = tq and r = r. Set f = f^, = 9/i, Sj = aej 
and 5 = As in the proof of Theorem [El let 3 be the proper zooming sub-collection 

for / given by 3 = (3(a;))^.eA, where 

= {f"{x) ; n G N and X G Z^„(a, 5, /)} 

and 

A = A n limsup Zinicn, S, f) C A fl limsup Z„(5, S, /). 

n^oo n^oo 

It is clear that A is /-positively invariant. Also note that A is a large portion of A. 
Indeed, it follows from (123!) that 

A C A U r^(A) U ■ ■ ■ U r(^-i)(A). 

As a consequence 

fx(A) > ^ /i(A) > 
for every /-non-singular measure fi. 

Denote by j = fn)n^ where = {Vn{x, f) ; x E Z„(5, 6, /)} is the collection 

of all (5, (5)-zooming pre-balls with respect / of order n. Let us denote the order with 
respect to / by ordj. 

Let S G S^^ jhe the collection of all J-pre-ball Vn{x, /) (with respect to /) for all x G A 

and all 3-time n for x with respect to /. 

Let {gi, ...,qs} C X be a maximal r/2 -separated set and consider the collection A = 
{Br{qi), Br{qs)} of open balls. As we have contraction in zooming times, the elements of 
A are not contained in any S^, j -pre-image of an element of A with order bigger than zero 
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(see Notation 15.81) . As ^„ 5„ < 1/8, every chain of j -pTe-images of A has diameter 
smaller that r/4, that is, if {Pq, ...,Pn) G chg^ ^{Br^qi}) then 

diameter Pj) < diameter(Pj) < ctj diameter (Pr(Q'i)) < r/A. 
j j j 

Thus, 



U [jPj] D B^s/^^r{qi 



for all 1 < i < s. 

Let = {Ai, As}, where Aj is the connected component of {Br{qi))* containing 
-S(3/4)r It follows from Proposition 12.81 that A' is a, -nested collection of sets. 
Moreover, as {gi, g^} C X is maximal r/2 -separated. A! is a cover of X by opens sets. 

Setting -P^ = {Ai n ■ ■ ■ n AJ and, for 1 < p < s, 

= |A*in---nA,^\ ( U Afc, n---nAfc^,^J ;i<zi<---< v<s|, 

it follows that Pq U ■ ■ ■ U P'^ is a partition of X by essentially open sets. Note that, 

Up,p„5pcu;=i5a,. 

Claim 4. Let Q be a S^, j -pre-image (with respect to f) of some Aj G A' with ordj(Q) > 
and let P eVo- //Q n P 7^ then Q C int{P). 

Proof of Claim^ Suppose that Q H P 7^ and Q (f_ int(P). As Q is a connected 
open set, Q f] dP ^ 0. Thus, there exists A^. G A' such that Q n dAk ^ ^. As A' 
is -nested collection of open sets and oidjiQ) > 0, A^ C Q. As diameter((5) < 

( ^j=i^^^ ^j) diameter(Aj) < r/8. But this leads to a contradiction because P(3/4)r(PA,0 C 
A,. □ 

Claim 5. If Qi and Q2 are S^; j -pre-images (with respect to f) of respectively Pi, P2 G Pq 
then Qi and Q2 are not linked. In particular, Pq is an S^^ j -nested collection (with respect 
to f) of essentially open sets. Furthermore, 

(1) «/Qi n Q2 7^ then ordj(Qi) ^ oidj{Q2); 

(2) ifQi g Q2 then ordj(Qi) > ordj(Q2)- 

Proof of ClaimlB Note that if QinQ2 7^ then ordj(Qi) ^ ordj(Q2). Otherwise PinP2 = 
yordj(QO(g^ n Q2) ^ 0. This shows the first item. 

Suppose that mt{QinQ2) 7^ 0, with Qi 7^ Q2. We may assume that Pi 7^ P2 (if Pi = P2, 
the claim follows from Corollary 12. 6p . Set pj = ordj(Pj) (with respect to /) for j = 1,2. 
By the first item, assume for instance that pi < p2. 

Write Q2 = {f^^\V^J,xJ))-^{P2), with x G Zp2(5,5,7). Let A^-^ G A' be such that 
int(P2) C A,, and set A,, = {f^^\V^,{xJ))-\A,,). Thus, 

int(Pi n r{AjJ) D int(Pi n r{Q2)) = riintiQi n Q2)) ^ 0. (31) 
As /^^(AjJ is a J -pre-image of Aj^ with order p2 — pi > 0, it follows from Claim H] 
that int(Pi) D /^^AjJ. So, int(Pi) D int(7pi(Q2))- Using dH]), we get 

7^nint(gi)) = int(Pi) D F'iintiQi n g2)). 
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As a consequence, int(Qi) D int(Q2)- 

So, we obtain that int(Qi fl Q2) 7^ and pi < p2 implies that int(Qi) D int(Q2) (or, if 
pi > p2, int((5i) C int(Q2))- From this we conclude that Qi and Q2 are not linked and 
also the second item of the claim. □ 

Define an inducing time R : X ^ {0, 1, 2, . . . } on X as follows. Given x G X, let VL{x) 
be the collection of all £^-pre-images Q of any P eVq such that x E Q. That is, Q G VL{x) 
if X G Q and there are n G N, ?/ G A and P G "Pq such that Q = if ^\vjy f))~^(^)^ where 
n > 1 is a 3^time (with respect to /) for y. Note that Vn{y, /) is both a (5, 5)-zooming pre- 
ball of order n with respect to / and a (a, 5)-zooming pre-ball of order in with respect to 
/. If Q{x) ^ let R{x) = min{ordj(l^) ; V G n{x)} and let R{x) = whenever fi(x) = 0. 

Note that if x G A then R{x) is smaller than or equal to the first 3-time of x, i.e., R{x) 
< min{n ; n is a 3-time (with respect to /) to x} = mm{n ; x G Z£„(q;, 5, /)}. Thus, 

n n 

{P > n A c A \ U Z,(5, 5, 7) c A \ U Z,,(a, 5, /). (32) 
i=i i=i 

Define the induced map P on X associated to the first time by 

F(x) = 7^(")(x), Vx G X. (33) 

If Q{x) 7^ 0, it follows from Claim that the collection of sets fl{x) is totally ordered by 
inclusion. Moreover, there is a unique Q G Q{x) such that ordj(Q) = R{x). In this case, 
set I{x) = Q. 

Also by Claim ordj(/(a;)) < ordj(J) V/(a;) 7^ J G r2(x) and Vx G X. Furthermore, if 
/(x) n I{y) 7^ then /(x) = I{y) (see the proof of Lemma [63] which is analogous). 
Proceeding as in the proof of Corollary 16. 6[ one can easily conclude that 

V := {/(x) ; X G X and fi(x) ^ 0} 

is a Markov partition for P. Besides, defining P(x) = i R{x) and P(x) = f^^^\x) = 
f ^^^^ (x) = P(x), one can see that Vo,V, F and R satisfy the first four items of the theorem. 

Remark 7.3. For future references we note that = {P fl A ; P G V} is an induced 
Markov partition of A with respect to f = f^ (this follows from Claim\^. 

Let be a /-invariant measure with yu(A) > 0. To check the item ([S]) set P = 
V\j tK{R > 0})- As f-\E) D P D A, we get f'\E) = E (mod /z) and /i(P) > /i(A) > 0. 
Thus /ils is /-invariant. 

To prove the last item we will construct a local Markov map induced from P. 

Constructing a local induced map from the global one. Let /i be a /-invariant ergodic 
probability with /i(A) > 0. By ergodicity, yu(A) = 1 (we are also using that A is positively 
invariant and fi is invariant). As A is /-positively invariant and /i is also /-invariant, 
is /-invariant. On the other hand, as X can be decomposed into at most i /x-ergodic 
components with respect to /, there is a /i-ergodic component U G A. 

Thus, Jl = is a (5, 5)-zooming ergodic invariant probability with respect to /, 

/1(A) = 1 and /i = (^JlJ f\)fi\u- 

By Proposition [231 there exists a /-attractor A G X which attracts Jl almost every point 
of X (indeed A = supp/I because Jl is /-invariant). By Lemma [131 there are compact sets 
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J and A^, with A_^_^ G G A, such that ujj~{x) = A-^ and uj_^ J-^i^) — ^+,1 /i-almost 
every x E X (see Definition 13.71 and 13. Sp . Let I < < s he such that A^^ fl A^j 7^ 0. 

As in (1261) . we define the first £^-return time to Aj^^ (with respect to /). Precisely, given 
X G Aj^^, let Qo{x) be the collection of £^-pre-images V of A^^^ such that x E V (i.e., 
X E V = {f "'\v„(y))^^{Aj^^) for some y G Zin{a,S, f) fl A and G N) and define the first 
£^-return time to A^^ as the map Rq : Aj^^ N given by 

~ fmin{ord(l-) ; V G ^oix)} if fio(^) ^ . . 

"^"^^ [0 ifno(a;) = 0' 

Thus, the induced map Fq on Aj^^ (with respect to /) associated to "the first S -return time 
to Aj^" is given by 

Fo(x) = 7^°(^)(x),VxG A,-^. (35) 

We claim that Fq is also an induced map with respect to F. 

Claim 6. For each x G Aj^^ there is k{x) G N such that Fq{x) = F''^^\x). 

Proof of Claim\^ By definition, V G ^0(2^) if and only if 3 ?/ G Z£,„(a, 5, /) fl A such that 
X eV = (/ "lv'„(y /))~^(^io)' '^f^^'^^ ^ — ordj(l^) and Vniy, f) is the (a, (5)-zooming pre-ball 
with respect to / of order in "centered on y" (as noted before, Vn{y, f) is also a (5,5)- 
zooming pre-ball with respect to / of order n "centered on y"). If P is the element of 
Vo that contains /"(x), we get P C Bsif^iy)) = /"(^'^(y, /)) (because diameter(P) < 
ro/2 < 5/4). Thus, V := (7''|y^(j^ /))"^(^) G ^^(a;) and ordj(\/') = As a consequence, 
< R{x) < Ro{x) Vx G Aj^. 

Let X G Aj^ be such that m := i?o(a^) > 0. In this case set s = ^^Iq R ° -F"(x), where 

i-i _ 

= max{j > 1 ; ^ i? o F'^(x) < m}. 

n=0 

Let P E V he such that -Fo(x) G P and let ?/ G Zim{a,5, f) n A be such that Iq{x) 
— (/ '^ly,„(i/ /))^^(^io)' where /o(x) G i^o(a;) is the unique element of VLq{x) such that 
ordj(/o(x)) = m = -Ro(a;) (see the comment just above Lemma 16.41) . As P C A^,, C 
B5{r{y)) = 7™(Kn(y,7)), / := (/^ly^c,,/))"'!^) e fi(x). Thus, r(/) G ^(^(x)) and, 
as a consequence, P(/'^(x)) < m — s (because ordj(/'^(/)) = m — s). On the other hand, 
as PP-^x)^= f'{x) and P(P^-(x)) + s = E|lo^°^"W^ we get R{f'{x)y> m-s. 
Thus, P(7'(x))_= m-s. This implies that Rolx) = m = R{f'{x)) + s = 'Zn=o^°^''i^)^ 
i.e., Fo{x) = 7^"^^'Hx) = P^(^'), where A;(x) = + 1. □ 

Now, to finish the proof, we will show the existence of a P-invariant finite measure u <^ fx 
such that /i = Ej^ /i('^l{R>j})- 

Because E„>i 5„(ro) < Tq/S, the (5, 5)-zooming nested open ball P*y(x) (with respect to 

/) is well defined and contains Bj.g/2{x) for every x G X (Lemma l5.12p . As diameter (Aj,,) < 
|ro, Ajg flA^ J 7^ and Jl is an ergodic /-invariant (5, 5)-zooming probability, we can apply 
Theorem m and obtain a finite Po-invariant finite measure uq ^Jl with f RoduQ < +00 and 
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such that 

+00 



where 7 = ^3 fii^o\{R,>,y)iX). A^Fo(x) = F~'(^\x) and Jkduo<J Roduo, it follows 

from Remark 14.31 that u = ii^o\{Ro>j}) is a F-invariant finite measure (note 

that u is not necessarily a probability). Moreover, it is straightforward to check that 

^n=of*('^\{R>n}) ^ ^ ^n=of*{{ Z]j=0 * ('^O I {5o>j})) I {R>n}) ^ ^ Z]n=0 / * ('^O I {flo>n}'' ^ 

/I (see, for instance. Lemma 4.1 of [Z^)- That is 

+00 

n=0 

Proceeding as in the end of the proof of Theorem [El (or alternatively, using Lemma 4.1 
of [72]) we get 



^ +00 

= - X] /"('^l{^>"})' 

^ n=0 

where 7 = l/fi{U). □ 



8. Expanding measures 

Let M be a compact Riemannian manifold of dimension d > 1 and / : M ^ M is a 
non-flat map with a critical/singular set C C M. 

Hyperbolic Times. The idea of hyperbolic times is a key notion on the study of 
non- uniformly hyperbolic dynamics and was introduced by Alves et al [2, H]- Let us fix 
< 6 < I min{l, 1//3}. Given < a < 1 and £ > 0, we will say that n is a (cr, e)-hyperbolic 
time for a point x G M (with respect to the non-flat map / with a /3-non-degenerate 
critical/singular set C) if for all 1 < /c < n we have nj=n-A: Wi^f ° — '^^ ^^"^ 

diste(/"~'^(x), C) > a'''^. We denote the set of points of M such that n G N is a (a, e)- 
hyperbolic time by H„(cr, e, /). 

Proposition 8.1. |5 Let U G M be a set satisfying the slow approximation condition. 
Given A > there exist 9 > and e > such that, for every x & U, 

#{l<J<r^;xGH,(e-^/^£,/)}>^n, 

whenever Y^^=o ^og\\{Df{f\x)))^^\\^^ > Xn. 

It follows from Proposition 18.11 that the points of an expanding set (recall Definition II. ip 
have infinitely many moments with positive frequency of hyperbolic times. In particular, 
they have infinitely many hyperbolic times. 

The proposition below assures that the hyperbolic times are indeed zooming times. 

Proposition 8.2. [4] Given a G (0, 1) and e > 0, there is 6 > 0, depending only on a,e 
and on the map f, such that if x E H„(cr, £, /) then there exists a neighborhood Vn{x) of x 
with the following properties: 

(1) f" maps Vn{x) diffeomorphically onto the ball Bs{f"-{x)); 

(2) dist{f^-\y)J''-^{z)) < a^/2dist(r(?/),r(z)) V?/, z G V;(x) and 1<J< n; 



EXPANDING MEASURES 



41 



The sets Vn{x) are called hyperbolic pre-balls and their images = Bs{f"'{x)), 

hyperbolic balls. 

Given a G (0, 1), £ > and 9 G (0, 1], define Hnicr, £, 0, f) as the set x G H„(ct, e, f) such 
that #{1 <j<n;xe llj{a,6,f)} >en. 

Remark 8.3. It follows from Proposition \8.1\ that if x is a X-expanding point then there 
are e > and 9 G (0, 1) such that x G lim sup 7Y„(e~'^/'^, e, 9, f) . That is, every X-expanding 
point X belongs not only to limsup H„(e~'^/'^, e, f) but also to limsup 7f„(e~'^/'^, e, 6*, /). In 
particular, if fi is a X-expanding measure then there exists e > and 9 G (0, 1) such that 

li{M \ lim sup 7^„(e-^/^ e, 9J)) = 0. 

The proof of Lemma [8.41 just below is easy and straightforward. For instance, replacing 
det Df by J^f, the proof proceeds exactly as in the Lebesgue case of Proposition 2.5. of 

EUl. 



Lemma 8.4. If n is a f -non-flat measure then there is p > such that 



log- 



<pdist(r(j9),r(g)) 



for every x G H„(cr, e, /) and p-almost every p and q G Vn{x). 

By Proposition 18. 2[ if n G N is {a, £:)-hyperbolic time for a; G M then n is an ({«„}„, 6)- 
zooming time to x, where a„(r) = o'^l'^r. Thus, using Proposition 18.11 and 18.21 it follows 
that if A > and is a A-expanding set then there is 5 > such that H. is an ({an}n, <5)- 
zooming set, where a„(r) = ^-'^'^l^^'^r (in particular, every A-expanding measure is an 
({ttn}n; ^)-zooming measure). Furthermore, using Lemma [8.4^ we easily get the following 
lemma. 

Lemma 8.5. Given A > there zs 5 > (depending only on X and f) such that every 
f -non-fiat X-expanding measure is an {{an} n, -rooming measure with bounded distortion 
at the zooming times, where a„(r) = ^-i^/^hr. 

Proof of Theorem The proof of Theorem Rl follows straightforwardly from Lemma 1531 
and Theorem [Dl □ 

Remark 8.6. // in Theorem lA\ we set A = 0, then the results will be the same with one 
difference only: the collection of measures is not finite but countable. 

To prove the remark above, let M' be the set of points y E M such that Equation ^ 
holds for every x G US) f'^iv)- As o /-i < /i, /i(M \ M') = 0. For each < n G N, let 
Mn be the set of x G M' such that 

1 /IT 
limsup-5^1og||(D/(f(a;)))-^iriG 

1=0 ^ 

Note that M„ is an invariant set G N, i.e, f~^{Mn) = M„. Let A/" C N the set of n G N 
such that fi{Mn) > 0. For each n G J\f, we can apply Theorem [Al to p\m„- Thus, we only 
have to consider the collection of all measure u such that z/ is fi\M„ absolutely continuous 
ergodic /-invariant probabilities for some n G A/". 

Proof of Theorem [B]. Observe that Theorem [5] below is a more complete result than 
Theorem [Bl On the other hand, the proof of Theorem O is a direct consequence of The- 
orem [El Corollary 16.121 and the fact that the A-expanding set H is an (a, 5)-zooming set. 
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where a = 6 is given by Proposition 18.21 and 9 is given by Propo- 

sition 18.11 The case A = follows directly from the case A > by taking any sequence 
A„ \ and setting the Markov structure as 

5 = {(F,P) ; {F,V) G ;^(A„) and n G N}, 

where 5'(A„) is the Markov structure for A^. 

□ 

Theorem 5 (Markov Structure for an expanding set). Let M be a compact Riemannian 
manifold and f : M M a non-flat map. Let A > and Ti be a X- expanding set. Then 
there is a Markov structure ^ = {{Fi,Vi)}i for Ti. Furthermore, denoting the domain of 
Fi by Ui and its inducing time by Ri, we have the following additional properties. 

(1) If X > then ^ = {{Fi,Vi)}i is a finite collection; 

(2) Ui is a topological open ball^i; 

(3) Each {Fi,Vi) E is a full Markov map, i.e., is a Markov map with Fi{P) = Ui 
W P EVi. In particular, every P E Vi is a topological open ball 

(4) For each {Fi,Vi) G there is Xi > such that 

log\\{DF,{x))-'\\-' > X„ VxG [j P 

(5) Every P eVi is contained in a hyperbolic pre-ball of order Ri{P), i.e., there is x E 
^Ri{P) (e"'^*/^, e, f) such that P C Vr.(p)(x), where e is given by Proposition \8. 1[ 

Proof of Theorem O Let i = min{A; E N;k > (161og3)/A}. Similar to the proof of 
Theorem [B| the proof of Theorem O is a consequence of the zooming version of the theorem 
(in this case, Theorem [F|) and the fact that the A-expanding set Ti is an {a, 5)-zooming set 
for any 5 E (0, e], where a = cunir) = e(~'^/^)"r and e > is given by Proposition l8.2[ 

Indeed, as i = min{A; G N ; A; > (16 log3)/A}, we get i = min{A; G N ; Yl'^=i '^kjir) < r/8} 
Vr > 0. Thus, follows from Theorem [F] the first nine items of Theorem [Cl 

Let us show the last item. If 7i is uniformly expanding, then there are 1 < r < p < oo 
such that T < \\Df"-{x)^^\\^^ < p Wx E H. This implies that both R and DF is bounded 
from above. Thus there is 7 > such that Leb(P) > j \/ P E V (because F{P) E Vq 
\/ P E V and Vq is a finite collection of sets with non-empty interior), where Leb is a 
volume measure associated to the Riemannian structure of M. From this we get < 
Leb(M)/7 < cx). □ 

9. Examples and applications 

The purpose of the current section is to give examples of expanding and zooming mea- 
sures and also to give some illustrative applications of the theorems and ideas previously 
developed. 

For now, consider a compact Riemannian manifold M of dimension d > 1. Let f : M —>■ 
M be a non-fiat map and C C M its critical/singular set. 

We say that a point x E M has all Lyapunov exponents positive if 

limsup-log|L'/"(a;)t;| > VO ^ G T,M. (36) 
n 

A periodic repeller is a periodic point p such that Df^{p) is well defined and all eigen- 
values of Df"-{p) is bigger that 1, where n is the period of p. In this case, this condition is 
equivalent to all Lyapunov exponents of p being positive. Furthermore, as 

lim \\{{Df''{p))-^Y\\^ = min{A-^ ; A is an eigenvalue of £T(p)}, (37) 
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the periodic point p is a repeller if and only if there is £ > such that p is a periodic point 
for f = with period n and such that log || [Df^i^p)^ || > (for this take any prime 
£ eN big enough). 

Lemma 9.1. If p is a periodic repeller of period n and Oj{p) fl C = then there exists 
i > such that p is a periodic point of period n with respect to f = f^ and the pre-orbit of 
p with respect to f is a (24 \og2)- expanding set for f . 

Proof. Let m > 1 and set C/.n = [jf'^ f~^{C), the critical set of As Oj{p) n C = 0, 
we get Oj{p) nCfm. = 0. From this, it follows that, for every < 6 < dist{0 J {p),Cfm.) and 
aWyeOjip), 

1 1 
lim - V-logdist,((/"^)^(x),C/™) = lim - V - logdist5((/"^)*(p), C/™) = 0. 

■J 1 = J J -^Q 

Thus, Oj (p) satisfies the slow approximation condition with respect to /™ (and the critical 
set of /™), for every m > 1. 

Let uq be such that Aq := log || (D/"''o(p))"^|p^ > 0. Let be such that e^o"i/® > 8. 
Let £ be a prime number such that i > no ni. Thus log || (^Df^^^p)) ^ || ^ > 24 log 2 and p 

is a periodic point with period n for the map / = Z^- 
As p is a periodic point, Oj{p) is a positively invariant set (indeed Oj{p) is an invariant 
set) with respect to / and, as a consequence, it is a positively invariant set with respect to 

Finally, as 

lim -log\\{Df^^{y))-'\\ = lim - log || (Dr^(p))-i 
for all y G Oj{p), it follows that Oj{p) is a (24 log2)-expanding set with respect to /. 

□ 

Recall that the a-limit set of a point x, denoted by <yf{x), is the set of accumulating 
points of Oj{x) = [JJLo f~'' pre-orbit of x. As there is a substantial number of 

example of dynamics exhibiting periodic repellers whose a-limits have non-empty interior, 
the proposition below show an easy way to find expanding measures with big support in 
the topological sense (non-empty interior). 

Proposition 9.2. Let f : M ^ M be a non-flat map and C its critical/singular set. 
If there is a periodic repeller p contained in the interior of its a-limit set and such that 
Oj{p) n C = then there is an open neighborhood A of p and an uncountable collection 
Ai of ergodic invariant probabilities such that if fi & Ai then all of its Lyapunov exponents 
are positive and the support of ^ contains A. Furthermore, 3£ > 1 such that every jj, ^ M. 
is an invariant ergodic zooming probability for f = f^ and 

^ n—l 

\im-Y^\og\\Df{r{x))-T' >8 

for fi almost every x G M. 

Proof. Let i be as in Lemma 19.11 and / = It follows from Proposition 18.11 that there 
are 6 and > such that 

lim sup -#{1 <3 <n;xe Rj{e-^^°^^, S, /)} > Oq 

n— >oo ri 
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for every x ^ Oj (p). 

From Propositfon 18.21 it folfows that each (e~^'°^^, (5)-hyperbohc time is a [a, (5)-zooming 
time and every (e~^'°s^, 5)-hyperbohc pre-ball is a (a, (5)-zooming pre-ball (all with respect 
to /), where a = {an} and a„(r) = (l/8)"'(r). In particular, Oj{p) is a (a, 5)-zooming 
set. 

Noting that J2n^n{r) < r/4 Vr > 0, let < r < 5/4 be small such that Br{p) C 
int(a/(p)). Thus A := B*{p) is a (a, 5)-zooming nested ball (with respect to /) containing 

Let 3 = {}{x)) 

a;eiimsupH„(e-6iog2,5j) be the collectiou of zooming images of / that are 
(e~®'°s^, 5)-expanding images and let S be the collection of all 3^pre-balls. Let R be the 
"first £^-return time to A", F be the induced map associated to the "first ^-return time 
to A" and V be the Markov partition associated to the "first ^-return time to A" as in 
Definition 16.21 [673] and [675] (all this definitions applied to / instead to /). By Corollary 16.61 
{F, V) is an induced full Markov map for / on A with inducing time R. 

As the zooming points are dense on A (because Oj{p) is dense), {R > 0} = [jp^pP is 
an open and dense subset of A. Let ?B = Oj^q F~^{{R > 0}), that is, ^ is the set of points 
X G A such that F^{x) G A Vj > 0. Of course, ^ is a residual set of A. Furthermore, 53 
is a metric space with the distance induced by the distance of M and its topology is the 
induced topology. 

Let W be the collection of subsets of ^ formed by the empty set and all F C ^ such 
that Y = (F|pJ-^ o ■ ■ ■ o (F|pJ-i(<8) for some sequence of Pi, ...,P, G V. Note that W 
generates all open sets of ^. 

Let A be the collection of all sequence of numbers {ap}p^p satisfying ap G (0,1), 
Y^PizpCip = 1 and '^p^j,ap R{P) < oo. 

Choose any {ap}p(zp G A. Given any F G W \ {0,^}, there is a unique sequence 
Pi,...,Ps G V such that Y = {F\pJ-^ o ■■■ o (F|pJ-i(<B). In this case, define z/(V) = 

Ylj=i^Pj- ^^^"f = ^ ^(®) = ^- ^^^y *° UB) = u{A) + u{B) 

for every A,B e W with A fl P = 0. Moreover, u{A) < u{B) for every A, P G W 
with A G B. As W generates the Borel algebra of 03, z/ can be extended as a measure 
on the Borel set of 03. Furthermore, u is F-invariant. Indeed, given Y G W, say Y = 
(F|pJ-io...o(F|pJ-i(®), weget 

u{F-\Y)) = u(^F-' ((F|pJ-^ o . . . o (F|pJ-^(^)) ) = 

= E '^{iF\p)-'[{F\pJ-' o . . . o (F|pJ-^(^))) = 
= ^apap^ ■■ ■ ap^ = ap^ ■ ■■ ap^ ^ ap = u{Y). 

pg-p P(zp 

1 

Note that if x G ^ and Pq, Pi, P2, ■ ■ ■ is the itinerary of a; by F (i.e., Pj is the element 
of V that contains F^{x) W j > 0) then x = C(jLQCn{x), where C„(x) = (F|p(,)~^ o • • • o 
(F|p^.)^^(^) is the n-th cylinder containing x. As 

fi{F{Cn{x)) ^ ap, ap2 ■■■ ap^ I > 

fi{Cn{x)) ap^ ap, ap^ ■■■ ap^ ap^ 
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one can prove that the Jacobian of F with respect to yU, J^F{x) is well defined and it is 
constant on every P E V (indeed, J^F\p = ap). This implies that = 1 for all 

y G Cn{x). As a consequence, one can easily conclude that /i is ergodic with respect to F. 
As f Rdu = XlpeP — J2pev ^i^) < follows from Remark [4.31 that 

RiP)~l ^ 

Pev j=o 

is a /-invariant finite measure. Furthermore, as u is F-ergodic, it follows that Jl is /-ergodic. 
Applying Corollary 14.61 we conclude that 

limsup -#{0 < J < n; f{x) G Oj(x)} > (38) 

n 

for Jl almost every x E A. If for some n and i we have /"(x) = F^{x) then, by construction, 
x belongs to some (e~^^°^^, 5)-hyperbolic pre-ball Vn{y,f) with respect to /. As a conse- 
quence, n is a zooming time for x (with respect to /) and ^ Yl^Zo ^^S ll-^/lPX^))^^ 11^^ — 

|^(g-6 log 2^)1/2^ = 8, whenever G C^(a;). Thus 

limsup -#{0 < J <n] X eZj{a,6,f)} > (39) 

and 

^ n— 1 

limsup- V log ||D7(/^(x))-i-i >8 (40) 
n ^-^ 

j=0 

for /I almost every x G A. As /i(A) > 0, it follows by ergodicity that (139|1 and fj40l) holds 
for Jl almost every point x G M. 

One can easy check that fi = Yl^j=o flV- is an ergodic /-invariant measure such that fl39|l 
and (jlOD holds for almost every point x G M. Therefore, is a zooming measure (with 
respect to /) and it follows from fHU]) that all Lyapunov exponent are positive for /i almost 
every point of M. 

Of course distinct elements of A give rise to distinct ergodic F-invariant probabilities. 
By ergodicity these probabilities are mutually singular and so the /-invariant measures 
generated from them are also mutually singular. So, as A are uncountable, this process 
gives an uncountable collection of /-invariant measures. 

To finalize the proof, note that /i(t/) > viU) > for every open subset of A, because 
every open subset of A contains a non-empty Y G W, and i^iY) > for all 7^ F G W. 
This implies that supp /i D A. 

□ 

Definition 9.3. A map f : M ^ M is called strongly topologically transitive if we get 
U„>o /"(f^) = ^ /^^ open set U cM. 

Theorem 6. Let f : M ^ M be a C^^ map, possible with a critical region C. If f is 
strongly topologically transitive and it has a periodic repeller then some iterate of f admits 
an uncountable number of ergodic invariant expanding probabilities whose supports are the 
whole manifold. 
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Proof. As / is strongly topologically transitive, af{x) = M for every point x G M. In 
particular, if p is a periodic repeller, we get af{p) = M 3 p. Thus, we can apply Proposi- 
tion [9?2l Let A, i and Ai be given by Proposition 19.21 

Let p. E M.. As / is strongly topologically transitive, given any open set f/ C M there 
is n > such that /""(f/) n A 7^ 0. Thus = > /i(/-"(f/) n A) > for 

every G (because A C supp /x). This implies that supp = M V/x G A^. 

Given /i G A^, we have that 



i=o 

for /X almost every x G M. As the equation above implies that there are no negative 
Lyapunov exponents with respect to any iterate of / and for /i-almost all point, it follows 



Corollary 9.4. // a C^^ map f : M ^ M, possibly with a critical region C, is strongly 
topologically transitive and it has a periodic repeller then the set of periodic repeller is dense 
on M. 

Proof. This corollary follows from Theorem Eland the fact that the support of any expand- 
ing invariant measure is contained in the closure of the periodic repellers (see Lemma 110.61 
of the appendix). □ 

Example 9.5 (See figure [6]). Let f : [0, 1] [0, 1] be given by 



where g{x) = x + 2x^. 

The map f can be seen as a map of the circle = M/Z and this map is topologically 
conjugated to the uniformly expanding map h{x) = 2x (mod Zj. Thus, f is strongly 
topologically transitive. Note that f has expanding periodic points. Indeed, f has a periodic 
point p G (0, 1) of period two (because h does) and, as Df'^{x) > 1 Vx G (0, 1), follows 
that p is an expanding periodic point. Thus, follows from Theorem\^ that some iterate of f 
admits an uncountable number of ergodic invariant expanding probabilities whose supports 
are the whole circle. 

In [68j Young shows that for maps like / of Example 19.51 Y^il^ ^p(^) converges weakly 
to the Dirac measure at for Lebesgue almost every x. In particular, / admits no invariant 




n— 1 



from Lemma [10.21 that fi is an expanding measure with respect to /. 



□ 




g{x) if X < 1/2 
l-^(l-x) ifx>l/2 
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measures that is absolutely continuous with respect to the Lebesgue measure. Furthermore, 
for Lebesgue almost every point the Lyapunov exponent is zero. In contrast, it follows from 
Theorem [6] that / admits an uncountable number of ergodic invariant probabilities whose 
supports are the whole manifold and whose Lyapunov exponents are positive. 

Example 9.6. Let F : [0, 1]^ [0, 1]^ be the skew product given by 

F{x,y) = {f{x),{l + x)<l){y)) 

where f is as in Example \9.5\ and (f){y) = 1/2 — |y — 1/2| is the "tent" map of slope 
one. Taking any periodic point p G (0, 1) for f , it is easy to see that ipiy) = G{p, y) is 
an uniformly expanding map, where {f^{x),G{x,y)) = F"'{x,y) and n is the period of p. 
Thus taking any periodic point q G (0, 1) with respect to ip, it follows that (p, q) G (0, 1)^ 
is an expanding periodic point of F. It is not difficult to check that ^[^^^^^^2^ is strongly 
topologically transitive and so it follows from Theorem that some iterate of F admits 
an uncountable number of ergodic invariant expanding probabilities whose supports are 

F([o,in. 

As in Example 19.51 the scenario of the expanding invariant measures of Example 19.61 is 
much richer than the Lebesgue measure scenario. Indeed, as 

^""^y'-y * (+/-)nS(i+/^(^)) J' 

it follows that the Lyapunov exponents of a point (x, y) are lim sup ^ log | | , the Lya- 

punov exponent of x with respect to /, and lim sup ^ logn?=o (1 + fK^))- lim sup ^ log 



|(r)'(x)| = and < hmsupilog Y{%^{1 + P(x)) < lim sup i EJ^o'/^' (x) = for 
Lebesgue-a.e. x G [0, 1] (Theorem 5 of [68j), we conclude that the all Lyapunov exponents 
for Lebesgue almost every point are zero. 

One can find other examples of expanding measures in, for instance, pjj and ^33j . 
Let us apply Theorem [6] to unimodal maps. For this, we note that every non-flat S- 
unimodal map / : [0, 1] — > [0, 1] without a periodic attractor has an expanding periodic 
point p G (0,1). Moreover, one can show that a non-flat S-unimodal map / has an 
expanding periodic p G (0, 1) with dense pre-orbit if and only if / is not an infinitely 
renormalizable map and / does not have a periodic attractor. Thus, we get from Theorem |6] 
the following corollary. 

Corollary 9.7. // / : [0, 1] [0, 1] is a non-fiat S-unimodal map then one and only one 
of the following alternatives can occur. 

(1) f has a periodic attractor. 

(2) f is an infinitely renormalizable map. 

(3) f admits an expanding invariant probability whose support has non-empty interior 
(indeed an uncountable number of these probabilities). 

The corollary above shows that the dynamic of any S-unimodal map in the complement 
of the Axiom A and the infinitely renormalizable maps exhibits uncountable many non 
trivial expanding measures, even when there are not SRB measures. 

Theorem 7 (Markov structure for expanding sets of local diffeomorphisms) . If f : M ^ M 

a C^^ map is a local diffeomorphism then the set of points with all Lyapunov exponents 
positive admits a Markov structure. Furthermore, given any finite collection of ergodic 
invariant probabilities {/ii, ■ ■ ■ , /is} with all Lyapunov exponents positive there is an induced 
map {F,V) as in Theorem{Q such that every /ij is liftable to this map. 
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Proof. Let A > and, for each £ G N, let be the set of A-expanding points of M with 
respect to (as / is a local diffeomorphism there is no slow approximation condition). 
It follows from Lemma 110.41 that IJ^eN contains the set of points with all Lyapunov 
exponents positive (indeed, it is equal). As each Ai has a Markov structure with respect 
to (and so, a Markov structure with respect to /), it follows that [J^gj,^ A^ has a Markov 
structure with respect to /. 

Given any finite collection of ergodic invariant probabilities {/ii, ■ ■ ■ , fis} with all Lya- 
punov exponents positive, there is some i E N such that fij{Ai) = 1 for all j = 1, ■ ■ ■ , s. 
Thus, applying Theorem O, there is an induced map (F, V) such that every fij is liftable 
to this map, V j = 1, ■ ■ ■ , s. □ 

9.1. Maps with a dense expanding set. Besides the previous examples there are many 
examples of maps with a dense expanding set. Indeed, most of the results of the so called 
"non-uniformly expanding maps" was done with the hypothesis of an expanding set of full 
Lebesgue measure, in particular, a dense expanding set. This is, for instance, the case of 
Viana maps (see Example 19.101 below) . 

The crucial property used in the proof of Proposition 19.21 and Theorem [6] is indeed the 
existence of an expanding (or zooming) set that is dense and also some condition to spread 
open sets to the whole manifold. In the theorem below the hypotheses are chosen to obtain 
these properties again. 

Theorem 8. Let f : M ^ M be a transitive non-flat map with 4i^f~^{x) < cxo Va; G M. 
If f has a dense X-expanding set, A > 0, then there is an uncountable collection of ergodic 
invariant X! -expanding probabilities, A' > A/8, whose support are the whole manifold. 

Proof. Given any x G H„(e~'*'/^, e, /), let Vn{x) is the {e~^/^, 5)-hyperbolic pre-ball of center 
X and order n, where e, 5 > follows from Proposition 18.11 and 18. 2[ Note that 



is a residual set, where H„ = H„(e~'*'/^, £, /). Thus, the set of points x E W that are 
transitive {uj{x) = M) is also a residual set (because the set of transitive points is residual). 
Choose a transitive point q G W . As g G W , there are sequences ^ oo and x^ G H„j. 
such that q G Vn,,{xk) W k E N and limfc^oo f^''{xk) = p, for some p E M. Of course that 
Xk — > q, indeed, dist(xfc,g) < 6"^'*'/*)"'= 6, VA;. 

Let a = {an}n, where a„(r) = e-W^)"'r. As / is backward separated (because i^f~^{x) < 
oo Vx G M) and as sup^^Qj2n>i'^n{r)/r < +oo, we can choose any < r < tq and con- 
sider the (a, 5)-zooming nested ball B*{p), where < ro < 6/2 is given by Lemma [5.121 

We claim that there is A C B*{p) dense in B*{p) and such that every a; G A has as 
hyperbolic return to B*{p), that is, given a; G A there is s > 1 such that a; G and f ''^{x) E 
B*{p). Indeed, for each y E B*{p) and 7 > one can find y E C"*"(g), say y = f\q), so 
that dist(y, y) < 7/2. Taking k > i big enough so that dist(/*(xfc), = dist(/*(xfc), f^{q)) 
< 7/2, it follows that dist(f (a;fc),?/) < 7, f\xk) E H„,_i and /"^"'(x^) G B*{p). 

Now, the proof follows as the proof of Proposition 19.21 with a single difference. Here we 
do not need to consider an iterate / = of /. Taking / = / and A = B*{p), construct 
the induced map F and everything else as in the proof of Proposition 19. 2[ □ 

9.2. Decay of correlation and the Central Limit Theorem. In [5l[6j Alves, Luzzatto 
and Pinheiro study the decay of correlation associated to the decay of the tail of expanding 
moments. There it was proved that a polynomial decay of the tail of expanding moments, 
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measured by the Lebesgue measure, implies a polynomial decay of correlation for the ab- 
solutely continuous invariant measure with respect to the Lebesgue measure (the SRB 
measure). It was also proved that the Central Limit Theorem holds for the SRB whenever 
the tail of expanding moments decays more then quadratically. In [35j Gouezel comple- 
mented this study for Lebesgue measure by showing that an exponential (or a stretched 
exponential) decay of the tail of expanding moments, measured by the Lebesgue measure, 
implies an exponential (or a stretched exponential) decay of correlation for the SRB mea- 
sure. Here our construction permits to extend the results of O [35] for general expanding 
measures. 

9.2.1. Tail estimate for Maps with bounded derivative. Follows from Lemma 110.51 of the 
appendix that if / : M ^ M is a local C^"*" diffeomorphism in the whole manifold except 
in a non- degenerate critical/singular set C G M and sup{||D/(x) || ; x E M \ C} < +oo 
then every set U satisfying the slow approximation condition with respect to / also satisfies 
the slow approximation condition with respect to /™, Vm > 1. On the other hand, a direct 
calculation shows that for every big n 

^ n—l 

-J2^og\\{Df{f{x)))-'\\-'>X 

i=0 

=^ (41) 

[ri/m]-l 

iog\\{Dr{{ry{x)))-'\\-' > X, 

\n/m\ ^-^ ^ 

L ' J i=0 

where [n/m] = max{j G Z;j < n} is the integer part of njm. Thus, it is easy to obtain 
the following result. 

Lemma 9.8. If f : M M is a local C^~^ diffeomorphism in the whole manifold except 
in a non-degenerate critical/singular set C C M and sup{||D/(x) || ; x E M \ C} < +oo 
then every X-expanding set with respect to f is {mX)- expanding with respect to /™ for every 
m >1. 

As a consequence of the lemma above, every A-expanding measure with respect to / is 
a (mA)-expanding measure with respect to f"^ Vm > 1, whenever ||-D/|| is bounded. 

Theorem 9 (Global expanding induced Markov map for maps with bounded derivative). 

Let f : M ^ M be a local C'^'^ diffeomorphism in the whole manifold except in a non- 
degenerate critical/singular set C C M and suppose that sup{||D/(a;) || ; x E M\C} < 
+00. Given A > 0, let I = min{A; G N ; A; > (161og3)/A}. IfH is a X-expanding set with 
A > then there exist an induced Markov map {F, V) with inducing time R, and a finite 
partition Vq of M by essentially open sets satisfying all items of Theorem\^ and also the 
following ones. 

• nc{R>o}. 

• "Pin = {P n 7^ ; P G V} is an induced Markov partition ofTi with respect to f^. 

• There are r > 0, e > and no G N such that 

{R>n}nnc{h> n/£} \/n > no, 

where 

1 

h{x) = inf{j > 0; - J2^og\\Df{f\x)r'\\-' > X and 

k=0 
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1 

-V-logdist,(/'=(a;),C)<r}. 

<^ 7 rt 



fc=0 

Proof. As is bounded, is also a non-flat map with a critical region Ci = IJ^=o- ^^^^ 
case, follows from Lemma [9^ Proposition 18. II and 18.21 that (1) H C limsup„ H„(l/9, e^, /^) 
for some > 0; (2) the whole 7i is a {a, 5£)-zooming set (with respect to /^) for some 
6e > and with a = {an}n and a„(r) = (l/9)"r. Furthermore, one can take < e < ee so 
that 

H,,(e-^/^£,/) C H,(l/9,£,,/0, Vj > 1. (42) 

This produces a proper zooming sub-collection } = Q{x))x£n associated to the (e~'^/^,e)- 
hyperbolic time (both with respect to /). The important point here is that 3^ is defined 
on the whole Ti (in the proofs of Theorem [F] and O we didn't have any warranty that the 
zooming sub-collection covered all the given zooming set when £ > 1). Thus, applying 
Theorem [0 we can get all items of Theorem O Furthermore, in this case 7i C {R > 0} 
= UpeP ^ Siud, by Remark |7.3[ we get that V\-h is an induced Markov partition of 7i with 
respect to 

Let r = jX and b = |min{l, with P > being the constant that appears in 

the definition of non- flatness (see Section [S]). It follows from fHT]) . fH^ and from Propo- 
sitions [8?T] that H^j(e~'^/^, e, /) can be estimate by h{ij + s) for any < s < i. That is, 
B.ij{e~^^^,e, f) G {h = n} if j = [n/i] and n is big enough. Thus, the last item of the 
theorem follows from item fiviiip of Theorem O 

□ 

Theorem 10 (Decay of correlation). Let f : M —>■ M a C^^ map with a non-degenerate 
critical set C C M. Suppose that is a non-fiat X-expanding probability, A > 0, and that 
f"'\ is transitive for all n> 1. Then there is a unique absolutely continuous invariant 

•' I supp ^ 1 .J 

probability u <^ fi. The probability v is mixing and it basin contains fi almost every point 
of M. Furthermore, there exist r,e > such that, if we set 

1 

h{x) = inf{j > ; - 5^ log \\Df{f\x)y 



> A and 



J 



k=0 



1 

-V-logdist,(/^(a;),C)<r}, 
7 — 



then we have the following estimates for the decay of correlation 



(ptp o f^du — I (pdu / ipdu 



Cor(0,^o/-) = 

for any given functions (f),ip : M ^ with Holder and ip bounded. 

(1) If fi{h > n} = 0{n~"') for some 7 > 0, then Coi{(l),'ip o /") = 0{n^"'^^), where 
£ = min{A; G N ; A; > (161og3)/A}. 

(2) If jJ^ih > n} = 0(exp(— p n'^)) for some p, 7 > 0, then there exist p, 7 > such that 
Cor(0, if) o /") = 0(exp(— pn^)). 

Proof. Let {F,V), R and Vq be the global induced Markov map, the inducing time and 
the finite partition of M by essentially open sets given by Theorem [91 Furthermore, we 
can assume that {F,V), R and Vo are also given by Theorem [F] Indeed, for some 6 > 0, 
a = {«„}„ and Q;„(r) = g-CV^)"^^ /i is a (a, 5)-zooming measure and so, Theorem [Q and P 
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are straightforward application of Theorem [F] (considering for instance that A C M is the 
set of (a, 5)-zooming points). 

Of course there is a natural identification of an induced full Markov map with /i-bounded 
distortion (see Definition 14.21 and 11.51) with a Young Tower. To construct the Young Tower 
[671 EH] (or equivalently, an induced full Markov map with //-bounded distortion) we can 
proceed as in the proof of Theorem 4.1 of [35]. In this theorem a global induced Markov 
map as in Theorem [9] induces a Young Tower with essentially the same estimates of the 
tail of the partition. We note that the Lebesgue measure is not important to the proof. 
Indeed the fundamental ingredient of Theorem 4.1 of |35] is the Lemma [9.91 below. 

Let z/ ^ /i be the /-invariant probability given by Theorem |X1 The construction of the 
local induced Markov map associated to the global one was already done in the proof of 
Theorem [Fl this is precisely the induced map Fq given by fl35l) and defined in the topological 
open ball Aj^. 

To emphasize / instead of its iterate / = set r(x) = i Rq and Fq{x) = f^^^x) = 
Fo{x). Recall that as /i is a A-expanding measure, i = mm{k G N ; (161og3)/A} (see 
Theorem ^ . 

Let k{x) = ik{x), where k{x) is given by Claim [61 Thus, Foix) = F^^^\x). Set 
^i(^) — Si=o every j < k{x). Of course that r(x) = tk{x){x). 

Let be the partition of M given by = CC^q F~\Vo). As Aj^ is contained a 
i/-ergodic component U G M with respect to (see the proof of Theorem [F]), there is 
some L > such that every element of Vo contains an element of whose image under 
is Ajg. From the distortion control it follows that there exist constants CQ,e > such 
that 

/x({r = tj or ... or r = tj+L-i ] h, ■ ■ ■ , tj-i, r > tj-i}) > e 

and 

- tj > n; ti,. . . , tj}) < Cofi{{R > n}). 
Thus, applying Lemma 19.91 and Theorem 3 of pB] the theorem follows. 

Remark. Although there is no explicit reference to the stretched exponential decay in the 
statement of Theorem 3 of [68], Young proofs can be adapted to the general case (see the 
comments in the proof Lemma 4-2. o/[35] and also the comments in the begging of Section 4 
of the same paper). 

□ 

Lemma 9.9 (Gouezel [35]). Let (X, /i) be a space endowed with a finite measure and 
k : X N and to,ti,t2, ■ ■ ■ : X — > N measurable functions such that = to < ti < t2 < ■ ■ ■ 
almost everywhere. Set t{x) = tk(x){x), and assume that there exist L > and e > such 
that 

h{t = tj or ... orr = tj+L-i ; ti, . . . , tj-i, r > tj_i} > e. (43) 
Assume moreover that there exist a positive sequence Un and a constant Cq such that 

li{tj+i - tj > n; ti,. . . ,tj} < CoUn- (44) 

Then 

(1) If Un has polynomial decay, fi{r > n} = 0(m„). 

(2) If Un = e"'^"'' with c > and rj G (0, 1], then there exists c' > such that /i{r > 
n} = 0(6-^'""). 
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Theorem 11 (Central Limit Theorem). Let f, fi, v and h being as in Theorem UU If 
fi{h > n} = 0{n~^^~^"'^) for some 7 > (161og3)/A then the Central Limit Theorem holds 
for any Holder function : M — ^ M such that (pof^tpof — ip for any ip. 

Proof. As Theorem [101 this result follows from Theorem [HI Lemma 19.91 and from |68j 
(Theorem 4). □ 

Example 9.10 (Viana maps). An important class of non-uniformly expanding dynamical 
systems (with critical sets) in dimension greater than one was introduced by Viana in [Q^. 
This class of maps can be described as follows. Let oq G (1, 2) be such that the critical point 
X = is pre-periodic for the quadratic map Q{x) = — x^. Let = M/Z and 6 : 5^ — M 
be a Morse function, for instance, b{s) = sin(27rs). For fixed small a > 0, consider the 
map 

f:S^xR — y S^xR 

{s,x) I — > {g{s),q{s,x)) 

where q{s, x) = a{s) — x"^ with a{s) = Oq + ah{s), and g is the uniformly expanding map of 
the circle defined by g{s) = ds (mod %) for some integer d > 16. It is easy to check that 
for a > small enough there is an interval I C (—2, 2) for which f{S^ x J) is contained 
in the interior of x /. Thus, any map f sufficiently close to f in the C° topology has 

X I as a forward invariant region. We consider from here on these maps restricted to 

X I. 

Most of the results for f E M are summarized below: 

(1) 3Ti. C X I , with full Lebesgue measure on x I, and A > such that TC is a 
X-expanding set with respect to f [M] (indeed, to be coherent with the estimate ( [73] ) 
we may assume that H is a 2\-expanding set); 

(2) for each < c < 1/4 and e > there are constants C(c, e) and 5{x) > such that 

Leb({x; h,{x) > n}) < C{c,e)e-'^ 
for every > 1 |3l [M], where 

1 

h,{x) = inf{j > 0; -Y,^og\\Df{f%x))-'\\-' > X and 

1 

-5^-logdist,(,)(/^(a;),C) <£}; (45) 

^ k=0 

(3) ^■^ strongly topologically transitive and has a unique ergodic absolutely con- 
tinuous invariant (thus SRB) measure whose support is f{S^ x I) 

(4) the Central Limit Theorem holds for f |5j; 

(5) the correlations of Holder functions decay at least like e~^'^, for some c' > [35]. 

Of course Viana maps satisfies most of hypothesis of the theorems in this section (Sec- 
tion [2]). In particular, it follows from Theorem [H] that there is an uncountable collection 
Ai of ergodic invariant probabilities such that all Lyapunov exponents of every fi & Ai are 
positive and the support of any yU G is the whole manifold. Furthermore, every /x G 
is an / invariant ergodic zooming probability and 

^ n— 1 

lim-5^1og||D/(/^(x))-i-i>A/2 

^ j=o 

for II almost every x G M and every /x G 
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We can also apply Theorem \^ [B] and O to the Viana maps. From Theorem [XJ we 
conclude that all non-flat expanding measure admits an absolutely continuous invariant 
measure (in particular one can apply this theorem to obtain the SRB measure). Further- 
more, we can apply Theorem (or Theorem [TTl) to study the decay of correlation (or the 
Central Limit Theorem) of any expanding invariant measure with bounded distortion (in 
particular, this gives a new proof of the decay of correlation of the SRB measure for the 
Viana maps). We can also study the decay for the measures that come from Theorem [6] or 
Theorem [HI 

Theorem 12. If f is a Viana map then there exist an uncountable number of ergodic 
invariant expanding measures with exponential decay of correlation and whose support is 
the whole f{S^ x I). 

Proof. The construction of the collection of expanding measures given by Theorem [8] or 
Theorem [6] comes from that proof of Proposition 19.21 This measures are associated to an 
induced full Markov map {F, V) defined on a topological ball A and to the collection A of all 
sequence {ap}p^ satisfying J^p^v^p ~ ^ XlpeP (^pR{P) < oo, where R is the induced 
time of F. As one can see in the proof of Proposition 19.21 each a = {ap}p^ G A generates 
a F-invariant measure i>a and also a /-invariant measure /i^, with Ua <^ fia- Moreover, we 
have a very good distortion control of Jv^F'^ in every cylinder Cn- Indeed fpnf^y^ = 1 
Wy G C„(x) (see details in the proof of Proposition 19.21) . Let a = {ap}p^ G ^ be any 
sequence satisfying lim„ Mog ( ^p^^^ ap) = 7 < 0, where P„ = {P G V ; R{P) = n}. 
Thus, I'aiiR > n}) = J2j>n^a,{J2p(^v ^p) ~ 0(e"'^") and it follows from [BB] that has 
exponential decay of correlation. 

□ 

9.3. Expanding measures on metric spaces. In Section ILII and M we deal with ex- 
panding sets and measures on Riemannian manifold because the standard way to define 
these objects is using the derivative of the map. Precisely, using ||(Z}/)^^||^^. So, to extend 
the notion of expanding sets or measures we need to rewrite this expression in terms of the 
distance. For this, note that if / : M ^ M is differentiable at a point p E M then 

-1,1-1 



UDmr\r = inn.nf ^^^^^^^^^ . 

Thus, given a metric spaces X and Y and a map f : X Y define 

^ . , dist(/(x),/(p)) 

D f{p) = hmmf — — ^ , 

x^P dist(x,j9j 

where we are using the notation dist to assign the distance on both spaces. Define also 

n+ff \ V dist(/(x),/(p)) 

D /(p) = hmsup — — r . 

x^p dist(x,p) 

Of course one can rewrite the expanding condition ([3]) in terms of D~/, that is, 

^ 00 

limsup - log(D"/) o f^{x) > 0, (46) 

3=0 

and use this condition to define the expanding condition on a metric space. The crit- 
ical/singular set C can be defined as the set of points x G X having D~/(x) = or 
3~^f{x) = 00. In the condition of non-degenerateness we only need to replace the expres- 
sions (1) and (2) by 
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(1) ^dist{x, Cf < D-/(a;) < D+/(a;) < B dist{x, C)-'^. 
B 

and 

(2) |logD-/(x) -logD-/(x) I < -^—^-^dtst{x,y). 

It is straightforward to check that, Proposition 18. ![ Proposition 18 . 21 et cetera remain true 
if we change || {Df)~^ ||~^ by D~/. In particular, the expanding sets and measures with this 
definition are zooming sets and measures. As a consequence, if X is a connected, compact, 
separable metric space there are results analogues to Theorem lAf [Bl and O for this context 
(see Remark 15.61 if X is not connected) . 

Definition 9.11. The map f is called conformal at p ^ X ifJ])^f{p) = D~/(p). In this 
case the conformal derivative of f at p is 

x^p dist(x,p) 

It is easy to check that the chain rule holds for the conformal derivative. Moreover, it 
is obvious that one can rewrite the expanding condition or fl46p in terms, if it exists, 
of the conformal derivative D/. 

An example of a conformal in this definition is the shift with the usual metric. 

Example 9.12 (Expanding sets on a metric space). Consider the one-side shift a : ~^ 

with its usual metric, that is, 



dist{x,y) = 



OO I 1 

Xn yn\ 



2" 

n=l 

where x = {x„}„ and y = {yn}n- It is easy to verify that a is a conformal map and that 
Dct(x) = 2 Vx G 

As we could have expected, every positively invariant set (in particular the whole 
and all invariant measure for the map a of the Example 19.121 are expanding. 

In this paper we are basically interested in zooming and expanding measures. As we saw, 
the set of zooming measures contains the expanding measures. Now we will give examples 
of zooming sets and measures that are not expanding, i.e., examples of sets and invariant 
measures that are zooming with only a polynomial backward contraction. 

Note that if / : X — > X is a conformal map defined on a compact metric space X and 
D/ < 1 then it follows by compactness that given any e > there is 5 > such that 

dist{ f{x)J{y)) <{l + e) dist{x,y) 

W x,y & X satisfying dist(x, y) < 6. So, given any e > there is 5 > such that if x,y & X, 
n > 1 and dist(/-'(x), f^{y)) < 6 WO < j < n then 

dist(r(x),r(y))<(i+£)"dist(x,i/), 

that is, D/ < 1 prohibits any exponential backward contraction. In particular, it does not 
admit any expanding set or measure. 

Example 9.13 (Zooming but not expanding). Consider the one-side shift a : — » 
with its usual topology. Consider the compatible metric given by 

if X = y 

{<l){x,y)) ^ if x^y ' 



dist(a;, y) 
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where x = {xn}n, U = {z/njn o-nd (j){x, y) = min{n > 1 ; x„ 7^ ?/„}. It is easy to verify that 
a is a conformal map and that Dcr(x) = 1 Vx G ■ -^^ particular, 

lim -logDa''(x) = lim - V logD(7(a"(a;)) =0, Va; G V^. 

n— >cxD 77, n Ti ^ •^—^2 

n=0 

5*0, (T does noi admit any expanding set or measure. In contrast, given any p G and 
x,y G = {q e \ Pi = Qi- --Pn = Qn}, we have (j){a^x,a^y) = (f){a'^x,a'^y) + {n-j), 

for < j < n. Thus, 

nr. — 7 — ■ 1 \J dist((T"a:, cr""?/) 

Vdist (cT^x, a^y) - - v v , 



(/)(cT'^a;, (T"|/) + (n - j) 1 + (n - j) v/dist((T"x, (x"?/) 
and so. 



2 



dist(o-^x, o-'?/) = , distfa^'x, a"?/). 

Vl + - j)A/dist(cr"x,o-"?/)/ 

a consequence, the cylinder Cn{p) is a {a,l)-zooming pre-ball for p, where a = {an}n 
and a„(r) := ( -^^^^ )^r (^one can check that an o a;j(r) = Q;„+j(r) / T/izs implies that every 

positively invariant set of ^2 '^^ {a,l)-zooming set and any a-invariant measure is 
{a, l)-zooming. 

Future applications. Recently there was an increasing development of the study of the 
thermodynamic formalism beyond the uniformly hyperbolic context (including countable 
Markov shift) by several authors (this list is certainly not complete): Araujo [7j, Arbieto, 
Matheus, Oliveira, Varandas, Viana |8l SSI HI |62l [63], Bruin, Keller, Todd [IH HSl [TH 
[I9l[20], Buzzi, Paccaut, Sarig, Schmitt [251 [221 [Ml [53l [511 [55] , Dobbs [M], Denker, Keller, 
Nitecki, Przytycki, Rivera-Leteher, Urbahski [271[3ni[28l[29l[3ll[32l[5ll[6l], Leplaideur, 
Rios [3D], Pesin, Senti, Zhang [ISl [13 [Ml Hi , Wang, Young [SB], Yuri [SSI [701 [H]. 

In many cases, a natural place to look for an equilibrium state is the set of expanding 
measures. Thus, as we have shown the existence of an expanding invariant measure that 
is absolutely continuous with respect to any given reference expanding measures with a 
"nice" Jacobian (the Jacobian of conformal measures associated to a Holder potential has 
a "nice" Jacobian) , one can expect to get among the invariant expanding measures a (non- 
lacunary) Gibbs measure that is a candidate to the equilibrium state. Furthermore, as 
we have constructed an induced Markov map such that every ergodic expanding invariant 
measure is liftable to it (in particular, allowing a symbolic study of these measures), we 
believe that the results presented in this paper can be useful to the program of extending 
the thermodynamic formalism to the general non-uniformly hyperbolic setting. 

10. Appendix 

Let /i be a finite measure defined on the Borel sets of the compact, separable metric space 
X. The proof of the following fact can be found in, for instance, [20] (Lemma A. 6. 8.). 

Lemma 10.1. Let U G X be a measurable set. Given e > there exists a finite partition 
(mod jj) V of U by open sets of U (in the induced topology) such that diameter(V) < e. 

Now, let M be a compact Riemannian manifold of dimension d>l. 

Lemma 10.2. Let f : M ^ M be a C^^ map. If ix is a f -invariant ergodic probability 
with all of its Lyapunov exponent finite then fi satisfies the slow approximation condition, 
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that is, for each e > there is a 6 > such that 

^ n— 1 

limsup — — log distsif-' {x),C) < e, 



for fi almost every x E M. 

Proof. Let C be the critical region of / (of course we may assume that C 7^ 0). As / is C^"*", 
C is a compact set and also det Df is Holder. That is, 3 ko, ki > such that | det Df{x) — 
det Df{y)\ < k^ dist(x, W x,y e M. Given x e M there is G C such that dist(a;, yx) = 
dist(x,C). Thus, we get |deti:'/(x)| = |detD/(x) - det < A;o dist(x, = 

A;odist(x,C)'=i. That is, log | det < log A;o + fci log dist(x, C). If / log | det D/| rf/i = 

—00, it follows from Birkhoff that ~ li^^ ^ ^"=0 log I det (a;)) | = —00 for 

yU-almost every x, contradicting our hypothesis as J2i -^j is the sum of the Lyapunov expo- 
nents. So, —00 < / log I det Df \ dfi—logko < ki J logdist(x, C) dfi{x) < ki log diameter (M). 
As the logarithm of the distance to the critical set is integrable, it follows that 



logdiste-n(a;, C) (iyu(a;) = / logdist(a;, C) rfyU ^ 

J {x ; log dist{x,C)<—n} 

when n 00. This implies (by Birkhoff) the slow approximation condition. □ 

From Lemma [10.21 follows the Corollary 110. 3[ 

Corollary 10.3. Let f : M ^ M be a C'^^ map. An ergodic invariant probability fi is an 
expanding measure if and only if (QP holds for ^ almost every x G M 

The lemma below is a remark that appears in Section 1.1 of [1]. 

Lemma 10.4. Let f : M ^ M be a local difjeomorphism and let fi be a f -invariant 
probability. If for fi-almost every x E m we have 

lim log|L'/"(x)t;| > 0, V|t;| = 1, (47) 
then there exist an iterate f = f^ of f such that 

n-l 



hm -Vlogp/(/^(a:))-^||-^>0 (4J 



n 

j=0 



for fi- almost every x E M. 



Proof. By the compactness of M, (jlTj) implies that there is A > such that for each x E M 
3 rij. G N satisfying log |Z)/"(x) v\ > 2A V |f | = 1 and Vra > n^, that is, 

log\\{Df''{x))-'\\-' >2X\fn>nx. 

Let K = |min^eAflog||(L'/"(x))-^||-^| and let e > be such that ^(1 + K/X) < 1. Let 
£ > 1 be so that fi{U) > 1 - e, where U = {x E M ; log ||(L'/^(x))-^||-^ > A}. Thus, 

j \og\\{Df^)-^\\-^dfi > \fi{U) -K{1- ^{U)) = \{l-e{l + K/\)) > 

and the proof of the lemma follows from Birkhoff. □ 

Lemma 10.5 (Transporting the slow approximation from / to Z™"). Let f : M ^ M be a 

local C^^ diffeomorphism in the whole manifold except in anon-degenerate critical/singular 
set C C M. Suppose that K = sup{||D/(a;)||; x E M\C} < +00. Givenm > 1, let F = 
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and let Cp be the critical region of F, i.e., Cp = [Jj^=o f K^)- U ^ < K^"^ then, for every 
n eN, 

n—l mn—l 

J2-'^ogdists/KAF'\x),CF) < 2 -logdist5(f (x),C). (49) 

j=0 j=0 

Proof Given S < K~"^, x e M and n G N, set 

= {0 < J < n; dist{F\x),CF) < d/K"^}. 

Of course we may assume that XlJITo ~ logdist5(p(a;),C) < +oo. 

Given j G J„, let < Sj < m be such that dist{F^ {x),Cf) = dist{F^ (x), f~'^ (C)) 
and let 7 : [0, 1] — M a continuous path from F^{x) to f~'^^{C) with length equal to 
dist(F^(a;), f-'^{C)). Note that 7([0, 1)) C M \ U7=o' t^C) and so, f (7([0, 1))) n C = 
VO < i < m. Thus, dist(/^'^+^^ (x), C) = dist{f'{Fi{x))J'^{f-'^{C))) < length(/^J o 7) < 
K*^length(7) < dist(FJ(x), Cf). That is, 

dist (/^■'^+^^ (x) , C) < i^"^ dist [F^ {x),Cf)- (50) 

As j G Jn, we get dist(FJ(x), C^) <6 < fsT"™ and then 

dist(f ™+^^(x),C) <5< K-"^. (51) 

Multiplying ([5lD by dist(p™+"^ (x), C), 

(dist(f +^^(x),C))2 < ir-"^dist(f '"+^^(x),C). (52) 

Combining (1501) and ( |52l) . 

(dist(/^"^+^^(x),C))2 < dist(F^(x),Cp), Vj G Jn. (53) 

From (l53il , we get for every j G Jn 

-log dist (F^(x),Ci.) < -21ogdist(f '"+'^(x),C) = 

m—l 

^ -21ogdist,(/^'"+^^(x),C) < 25^-logdist5(/^"^+*(x),C). 
using (EI]) 
Therefore, 

n-l 

^-logdist5/;^™(F-''(x),C^) = ^ - log dist (F^'(x),C^) < 
i=o jeJ„ 

m— 1 

<2 5^5^-logdist5(f'"n^),C)< 

n— 1 m—l mn—l 



<2 5^^-logdist,(/^"^+^(x),C) = 2 ^ -logdist5(/^(x),C) 

j=0 i=0 j=0 



□ 



Lemma 10.6. The support of any ergodic invariant expanding measure fi, with respect to 
a non-fiat map f : M —>■ M (possibly with a critical/singular region C), is contained in the 
closure of the set of periodic repellers of f . Furthermore, for each e > there is a periodic 
repeller whose orbit is e-dense on the support of /x. 
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Proof. Let /i be an ergodic invariant expanding measure and p G M be a /i-generic point. 
Thus, Lj{p) = supp /i. By Proposition 18.2^ there is a sequence rij oo of hyperbohc times 
for p and a sequence of hyperbohc pre-baUs Vnj [p) with /"^ mapping Vnj (p) diffeomorphi- 
caUy onto the baU Bsif'^ip)). 

Let m > 1 be big enough so that {p, f{p), ■ ' ' > f"^{p)} is 5/10 dense on supp fi. Given any 
e > 0, let ko be big enough so that f"^~^^{p), ■ ■ ■ , f^°{p)} is e/2-dense on supp /i. 

Let < To be small so that /"*|^ ^^-^ is a diffeomorphism and diameter (/■' (^^^(p))) < 5/10 

VO < j < m (as X is an expanding point, note that {p, /(p), ■ ■ ■ , /'"(p)} fl C = 0). Choose 
< r < £/3 so that MMp)) C ^{3^) and let f/ = (/- 1^^^^^^)"' . 
Note that every ball of radius 6/2 and center on a point of supp fi contain at least one of 
the pre-images U, f{U), ■■■ , /™(f/) = (because {p, f{p), ■■■ , /'"(p)} be 5/10 is 

dense) . 

Let >> fco be a very big hyperbolic time for f"^{p). Thus, the diameter of the associated 
pre-ball Vk{f"^{p)) is smaller then r/2 and so, Vfc(/™(p)) C Br{f"^{p)). As noted before, 
B5/2{f^^'""{p)) contains the closure of some /"(f/). So /^(V^fe(/™(p))) = Bgif^^'^ip)) D 
7^. Let W = ^ Mrip)) C i?r(r(p)). Thus, ^ maps 

W G U diffeomorphically onto U. Furthermore, as we can choose k as big as we want, the 
expansion of f''\w is as big as we want. On the other hand, we can loose expansion only 
on the transport of f^{U) to f^{U) = Br{f"^{p)) and this is at most m steps. Therefore, it 
follows that g = {f''~^"^~^\w)~^ is a contraction. In particular, f^+"^~-'^ has a repeller fixed 
point q E W. Of course, g is a periodic repeller for / and, as the diameter of W is as small 
as k is big, g is as close of f"^{p) as we want. From this follows that {q, f{q), ■ ■ ■ , /'^"(g)} 
is £- dense. □ 
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